oo 



C/2 

Q 

-)— > 

q 

O 



> 

o 

(N 

O 
0^ 
0^ 

CJ 

• 1— I 

>>: 

Ph. 



cy 






^^,^^^ 'f^^^s. 



.,venAnc/e. 



^o^ 



o 




"""^'^ Inter ao"^^^ 



^ 






N^— ^ 



^— ^ 



Institute of Physics, Aalborg University 



Authors note to the electronic version 

The author hereby grant you to redistribute and print this file for your own personal use, 
provided that no modifications are made. If you would like to cite any of the results 
published herein you are free to do so, but if it is possible please make your citation to 
one of the papers below: 

Andersen, T. and O. Keller (1998a). Local-field theory for optical phase conjugation by 
degenerate four wave mixing in mesoscopic interaction volumes of condensed media. 
Phys. Scr. 58, 132-144. 

Andersen, T. and O. Keller (1998b). Optical phase conjugation in a single-level metallic 
quantum well. Phys. Rev. B 57, 14793-14808. 

Andersen, T. and O. Keller (1998c). Two-dimensional confinement of light in front of a 
single level quantum well phase conjugator. Opt. Commun. 155, 317-322. 

Andersen, T. and O. Keller (1999). Local-field study of phase conjugation in nonmag- 
netic multi-level metallic quantum wells with probe fields of both propagating and 
evanescent character. Phys. Rev. B, (to be published). 

The first of these articles contains most of Chapter 3 and Parts II and III. The second 
contains most of Chapters 10 and 1 1 and part of Appendix B. The third article consists 
of the results presented in Chapter 12. The last of the four articles is based on the 
analysis presented in Part V and Appendices B and C. It is, however, greatly expanded 
with numerical results. 

If you plan to include some of this work (figures, tables, equations) into your own 
work, please contact the author. Current (as of October 1998) contact information is: 

Dr. Torsten Andersen 

Max-Planck-Institut fiir Mikrostrukturphysik 

Weinberg 2 

D-06120Halle/Saale 

Germany 

e-mail: thor@mpi-halle.mpg.de 

www: |http://www.geocities.com/CapeCanaveral/Lab/9700/index.html 



A limited number of printed copies of the thesis are available. Please contact the au- 
thor or the publisher if you are interested. 









^^^ 



Theoretical Study of Phase Conjugation 
IN Mesoscopic Interaction Volumes. 

TEORETISK UNDERS0GELSE AF FASEKONJUGATION 
I MESOSKOPISKE VEKSELVIRKNINGSRUMFANG. 

Copyright © 1998 by Torsten Andersen 

and the Institute of Physics, Aalborg University. 

Published and distributed by 
Institute of Physics, Aalborg University, 
Pontoppidanstrffide 103, DK-9220 Aalborg 0st. 
Phone +45 96358080. Fax +45 98156502. 



Typeset in ET^X 2e by the author. 

Printed in Denmark by Centertrykkeriet, Aalborg University. 

All rights reserved. No part of this publication may be reproduced, transmitted or trans- 
lated in any form or by any means, electronic or mechanical, including photocopy, 
recording, or any information storage and retrieval system, without prior permission 
in writing from the author. 

ISBN 87-89195-16-7 



Torsten Andersen 



Theoretical Study of Phase Conjugation 
in Mesoscopic Interaction Volumes 



IV 



Preface 

The present monograph describes results of my work carried out at the Institute of 
Physics at Aalborg University, Aalborg, Denmark in the period from February 1995 to 
May 1998 and at the Department of Physics and Astronomy at Mississippi State Univer- 
sity, Starkville, Mississippi, United States of America in the period from August 1996 
to January 1997. This monograph is submitted as a Ph.D. thesis to the Faculty of Engi- 
neering and Science at Aalborg University. 

With this dissertation, I intend to describe in a unified fashion the work done in the 
time frame of the programme. It is my intention that the contents of this monograph 
should go deeper and broader into the material that has been processed for publishing in 
articles, and thus include results and comments on material not suitable for publication 
as parts of an article. The work is divided into six main parts, each consisting of some 
separate chapters. The outline of this monograph is presented in the following. 

Outline of the dissertation 

The motivation for carrying out the present study is given in Part I, divided into three 
separate chapters. In Chapter 1 a brief summary of the contributions to scientific progress 
within the last century, which I believe are the most important for my work, is presented. 
The historical summary includes remarks on nonlinear optics in general, optical phase 
conjugation in particular, near-field optics, and mesoscopic optics. Chapter 2 presents 
the theoretical model usually adopted in optical phase conjugation (standard theory). 
Chapter 3 consists of a discussion of the limitations of the standard theory as well as 
the requirements to a theoretical model that can be used when interaction takes place on 
small length scales and/or in the optical near-field region. 

In Part II the task of developing a nonlocal theoretical description of phase conjugation 
of optical near-fields by degenerate four wave mixing is undertaken. It consists of three 
chapters. In Chapter 4 the basic working frame for the present treatment is established, 
starting from Maxwell's equations. Chapter 5 sets up the first and third order responses 
of an electron using the density matrix formalism starting from the Liouville equation of 
motion. In Chapter 6 the general conductivity response tensors for degenerate four-wave 
mixing excluding spin-effects are established, and their symmetries are discussed. Part 
II is concluded with a small discussion. 
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Part III discusses degenerate four-wave mixing in quantum-well structures on a some- 
what general level. For this purpose, two chapters are written. In Chapter 8 the con- 
ductivity response tensors in the case where a system has broken translational invariance 
in one spatial direction are established and discussed, and Chapter 9 is devoted to a 
discussion of the consequences of scattering in a plane using polarized light. 

In Part IV the optical phase conjugation response of a single-level quantum well is 
studied in four chapters. In Chapter 10 the theoretical considerations necessary to de- 
scribe the phase conjugation response from a single-level quantum well are discussed, 
and in Chapter 1 1 the numerical results for the phase conjugated response from a copper 
quantum well are discussed. Chapter 12 consists of a discussion of two-dimensional con- 
finement of light in front of the single-level quantum-well phase conjugator considered 
in Chapters 10 and 11. Chapter 13 concludes this part with a short discussion. 

Part V takes a similar point of view as Part IV, but for the two-level quantum well. 
Theoretical considerations are presented in Chapter 14, while the numerical results are 
discussed in Chapter 15. A short discussion concludes this part in Chapter 16. 

Part VI contains a concluding discussion on the developed theory and the numerical 
work followed by an outlook. 

There are five Appendices included, consisting of calculations not suitable for the 
main text. Appendix A is a calculation of the linear and nonlinear conductivity tensors 
relevant for studying degenerate four-wave mixing in quantum well structures. Appendix 
B contains the principal analytic solutions to the integrals over the states parallel to the 
plane of translational invariance in the quantum well structures. In Appendix C, the 
absolute solution to the integrals over the states parallel to the plane of translational 
invariance in the quantum well structures are presented in terms of the principal solutions 
given in Appendix B. Appendix D contains a small calculation of the Fermi energy 
for a quantum well in the low-temperature limit and a calculation of the minimal and 
maximal values of the thickness of a quantum well given the desired number of occupied 
eigenstates across the quantum well. Appendix E contains some intermediate results in 
the calculation of the integrals over the source region in Chapter 14. 

References used in this work are listed in the bibliography at the end of the dissertation 
according to the recommendations by the thirteenth edition of The Chicago Manual of 
Style with author(s), title, and publication data in alphabetic order after the first authors 
surname. 

Notation 

Footnotes are marked using a superscript number in the text, and the footnote itself is 
found at the bottom of the page. Citations to other people's work are made with reference 
to the authors surname(s) followed by the year of publication. The international system 
of units (SI) has been adopted throughout the work, except that the unit Angstrom (A) is 
used to denote certain distances (lA= lO^^^'m). 

Vector quantities are denoted with a unidirectional arrow above them, i.e., ic. Like- 
wise, tensor quantities are denoted using a bidirectional arrow, i.e., a. Integrations over 
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vector quantities are denoted "//(ic)(i"K", where n is the number of elements in the 
vector ic, and /(ic) is an arbitrary function of the integration variable ic. Unit vectors are 
denoted e with an index indicating which direction is taken. The unit tensor is denoted 
by 1, and is usually a 3 x 3 tensor. 

Latin indices {i,j,k,h} generally refers to the three spatial coordinate labels {x,y,z}, 
and the latin indices {n,m,v,l} generally refers to quantum states. Exceptions from this 
are (i) when the letter "i" appears in formulae and is not an index, it is the complex 
number i^ = —1, (ii) when the letter "k" appears in formulae and is not an index, it 
is the wavenumber k = \k\, (iii) the letter "m" with an index "e" is the electron mass. 
Summations over repeated indices are stated explicitly whenever it should be performed. 

To avoid confusion regarding the placement of 27l's in the Fourier integral represen- 
tation, the Fourier transform pair 

is adopted between the time- and frequency domains, and thus to be consistent the trans- 
form pair 

!F (F) = -i-3 J :F {k)e'''d'k ^^ :F{k)=j!F {r)e-'^-^d\ 

is adopted between real space and ^-space, here shown in three dimensions. 

Furthermore, the complex conjugate and the Hermitian adjoint of a quantity A are 
denoted A* and A\ respectively. The phrases "-i-c.c." and "+H.a." at the end of an 
equation indicates the addition of the complex conjugate or the Hermitian adjoint of the 
foregoing terms. The phrase "+i.t." at the end of an equation denotes the addition of a 
term in which the wave- vector k is replaced by —k. The Laplacian is denoted V^. The 
Heaviside unit step function &{x) has the value +1 for x > and for x < 0, and the 
Kronecker delta 5;y has the value + 1 for / = j and for / ^ j. The Ludolphine number 
3.14159265 ... is denoted by the greek letter 71. 

Scientific papers and presentations based on this work 

Parts of the work presented in this dissertation has been or will be published separately 
in the form of proceedings papers, articles, and letters. They are as follows: 

Andersen, T. and O. Keller (1995a). Optical near-field phase conjugation: A nonlocal 
DFWM response tensor. In E. G. Bortchagovsky (Ed.), Proceedings of the Interna- 
tional Autumn School-Conference for Young Scientists "Solid State Physics: Funda- 
mentals & Applications" (SSPFA'95), Kiev, pp. R5-R6. Institute of Semiconductor 
Physics of NASU. ISBN 5-7702-1199-7. 

Andersen, T. and O. Keller (1996a). Phase Conjugation of Optical Near Fields: A new 
Nonlocal Microscopic Response Tensor. In O. Keller (Ed.), Notions and Perspectives 
of Nonlinear Optics, pp. 566-573. Singapore: World Scientific. ISBN 981-02-2627-6. 
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Andersen, T. and O. Keller (1998a). Local-field theory for optical phase conjugation by 
degenerate four wave mixing in mesoscopic interaction volumes of condensed media. 
Phys. Scr. 58. In press. 

Andersen, T. and O. Keller (1998b). Optical phase conjugation in a single-level metallic 
quantum well. Phys. Rev. B 57, 14793-14808. 

Andersen, T. and O. Keller (1998c). Two-dimensional confinement of light in front of a 
single level quantum well phase conjugator. Opt. Commun. Submitted. 

Furthermore, an article on optical phase conjugation in a two-level (resonant) metallic 
quantum well is in preparation. In addition to the above-mentioned publications, presen- 
tations of abstracts has been given at conferences. They are: 

Keller, O., M. Xiao and T. Andersen (1994). Phase conjugation and Near-Field Micro- 
scopy. Poster presented at the annual meeting of the Danish Optical Society, Lyngby, 
Denmark, November 24. 

Andersen, T. and O. Keller (1995b) Random-phase-approximation study of the response 
function describing phase conjugation by degenerate four wave mixing. Poster pre- 
sented at the annual meeting of the Danish Physical Society, Odense, Denmark, May 
31-June 2. 

Andersen, T. and O. Keller (1995c) Phase conjugation of optical near-fields: A new 
nonlocal response tensor allowing degenerate four wave mixing studies with probe 
beams strongly decaying in space. Talk given at the Third International Aalborg Sum- 
mer School on Nonlinear Optics, Aalborg, Denmark, August 7-12. 

Andersen, T and O. Keller (1995d) Optical near-field phase conjugation: A nonlocal 
DFWM response tensor. Talk given at the International Autumn School-Conference 
for Young Scientists "Solid State Physics: Fundamentals & Applications" (SSPFA'95) 
in Uzhgorod, Ukraine, September 19-26. 

Andersen, T. and O. Keller (1996b) Optical Phase Conjugation by Degenerate Four 
Wave Mixing in a Single Level Quantum Well. Poster presented at the annual meeting 
of the Danish Physical Society, Nyborg, Denmark, May 23-24. 

Andersen, T and O. Keller (1996c) Microscopic Description of Optical Near-Field Pha- 
se Conjugation. Talk given at the South Eastern Section Meeting of The American 
Physical Society, Atlanta-Decatur, Georgia (USA), November 14-16. Bulletin of the 
American Physical Society 41, p. 1660. 

Andersen, T and O. Keller (1997a) Optical Near-Field Phase Conjugation: A Micro- 
scopic Description. Poster presented at the Fourth International Conference on Near- 
Field Optics (NFO-4) Jerusalem, Israel, February 9-13. 

Andersen, T. and O. Keller (1997b) Focusing of classical light beyond the diffraction 
limit. Poster presented at the annual meeting of the Danish Optical Society, Lyngby, 
Denmark, November 18-19. 

The abstracts are printed in the relevant meeting programmes. 
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Software used in this project 

Creation of the numerical results presented in this work has been done through develop- 
ment of computer programs, mainly in Fortran 90 ( Metcalf and Reid 1996| ). The final 



set of programs consists of approximately 6000 lines of code developed by the present 
author. Because of the size I have chosen not to include a reprint of the code in this 
monograph. The presentation of the calculated data is done using gnuplot pre-3.6 with 
some 400 lines of code to generate the plots as encapsulated PostScript files. This dis- 
sertation has been typed entirely in ET^X 2e ( poossens, Mittelbach, and Samarin 1994 ; 



poossens, Rahtz, and Mittelbach 1997), an enhanced version of the typesetting program 



TgX, originally developed by |Knuth (1984{ ). 
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Motivation 



Natura inest 

in mentibus nostrum 

insatiabilis quaedam 

cupiditas veri videndi 

(Marcus Tullius Cicero) 



Chapter 1 



Historical perspective 



Indeed, as the great orator expressed it more than two millenia ago, nature has planted 
in our minds an insatiable longing to see the truth. This natural curiosity, I believe, has 
been the driving force behind scientific investigations in the history of mankind, and thus 
also behind the evolution of electromagnetic theory. But since the electrodynamic theory 
as we know it was initiated by [Maxwell ( 1864 , 1891 ), I will in the following historical 
remarks concentrate on the physics of the past century. Readers who want an overview 
of the evol ution of electromagnetic theories before this century are referred to B orn and 



Wolf (1980), and the comprehensive survey of Whittaker (1951). 

The work described in the present dissertation is mainly concerned with a theoretical 
description of a nonlinear type of electromagnetic interactions called degenerate four- 
wave mixing (DFWM), particularly in the case where phase conjugation is obtained. 
The main interest behind this study is to model the behaviour of the DFWM interaction 
in mesoscopic volumes and in the optical near-field zone. Thus, in relation to established 
branches of modern optics, this work belongs to the fields of nonlinear optics (especial- 
ly four-wave mixing), near-field optics, and mesoscopic systems. In the remaining of 
this chapter I therefore intend to describe briefly the contributions to scientific progress 
within the last century, which I believe are the most significant for the present study. 

Although Einstein already in 1916 predicted the existence of stimulated emission 
( Einstein] 1916| , 1917| ), the main objective of optics remained linear observations until 
after the development of the maser in the early 1950's, where Townes and co-workers at 
Columbia University used stimulated emission for amplification of an electromagnetic 



field in combination with a resonator ( [Gordon, Zeiger, and Townes 1954[ , [1955[ ). An 
application of the principles of the maser in the optical region of the electromagnetic 



spectrum was proposed in 1958 by [Schawlow and Townesj and in 1960 [Maiman[ con- 
structed the first laser — a pulsed ruby laser. The first laser delivering a continous-wave 
output was const ructed in 1961 using a mixture of Helium and Neon gasses (J avan, Jr., 
and Herriot 1961). The laser rapidly became of significant importance in optical physics, 
where the field of nonlinear opti cs was ignited by the successful observation by F ranken, 
Hill, Peters, and Weinrich (1961) of radiation of light at the second harmonic frequency 
(with a wavelength X of 347 2 A) generated by a quartz crystal illuminated with light 
from a ruby laser (k = 6943A). Since then nonlinear optics has been of interest to many 
researchers around the globe exploring a large number of different nonlinear phenom- 
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ena, such as second-, third-, and higher order harmonic generation, optical rectification, 
sum and difference frequency generation, three-, four-, six-, and higher-number wave- 
mixing, laser cooling, laser induced atomic fusion, stimulated Raman- and Brillouin 
scattering, to mention a few [see, e.g., Bloembergen (1965 ), [Boyd (1992 ), Mandel and 
Wolf (1995), lYariv and Yeh (1984D , |Shen (1984D , [Schubert and Wilhelmi (1986D , and 



Mukamel(1995)]. 



The optical effect of interest in this work, optical phase conjugation, is nowadays 
usually produced by means of nonlinear optics, although the problem of reconstructing 
electromagnetic wavefronts started in the linear optical regime. The pioneering work 
on optical wavefront reconstruction (holography) was carried out several years before 
the invention of the laser by Gabor ( 1948| , 1949| ) with the purpose of improving the re- 



solving power of the electron microscope [see also Bragg (195C| )]. But only with the 
high intensities and with the degree of temporal and spatial coherence provided by the 
laser, holographic imaging became of practical importance. Such experiments were first 



reported by [Leith and Upatnieks] ( |1962| , |1964| ). Soon thereafter [Kogelnik (1965[ ) used 
a hologram to correct static phase distortions introduced onto an optical wavefront. In 
this experiment a photosensitive film was used for holographic recording of an image, 
and the film had to be developed prior to its application for phase coiTcction. This 



experiment of |Kogelnik| appears to be the first account on optical phase conjugation. 
However, since a new film has to be developed every time the phase distortion changes, 
this technique becomes rather cumbersome if the phase distortions changes frequently. 



A key discovery of pemtsen (1967| ) made it possible to store holograms dynamically in 
crystals with an intensity-dependent refractive index, thereby extending the applicability 
domain of optical phase conjugation to cover descriptions where phase distortions are 
varying in time. Experimentally, the first real-time optical phase conjugation are cre- 
dited to_Zerdo\dch_and£02Workers(Zerdovich, Popovichev, Ragul'skii, and Faizullov 



1972; [Nosach, Popovichev, Ragul'skii, and Faizullov 1972 ), in an experiment based on 
stimulated Brillouin scattering. In the late 1970's, Hellwarth (1977 ) suggested the use 
of a degenerate four- wave mixing process to produce the phase conjugated field. Im- 



mediately thereafter Yariv and Pepper (1977), and independently. Bloom and Bjorklund 



(1977), further analyzed the optical phase conjugation via DFWM, resulting in predic- 
tions of amplified reflection, coherent image amplification and oscillation. Over the past 
twentyfive years, thousands of scientific papers, several books and review articles de- 
scribing different aspects and applications of optical phase conjugation have been pub- 
lished, and phase conjugation in the form of DFWM is now an established discipline 
in modern experimental optics. The theoretical treatments of optical phase conjugation 
are usually based upon the work of Yariv (197^ ), using the phase conjugating system 
as a device in studies of other processes. A comprehensive and coherent introduction to 
the field of optical phas e conjugation can be found in the books by Z el'dovich, Pilipet- 



sky, and Shkunov (1985) and Sakai (1992), while a more specialized introduction can 



be achieved through collections of review papers appearing in books by Fisher (1983) 
and power and Proch (1994] ), or separately, by [Peppeij ( |1982| , |1985D , [Hellwarth (1982| ), 



and Knoester and Mukamel (1991). Other collections of papers can be found in, e.g.. 
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Goodman (1983| ), and Brueck (198S ). Within the last few years, DFWM has been used 
for creation of optical phase conjugation in configurations where the probe field and 
the detector are within subwavelength distances from the phase-conjugating medium 
(Bozhevolnyi, Keller, and Smolyaninov 1994; Vohnsen 1997; Bozhevolnyi 1997). 

The first account of attention to subwavelength (optical near-field) interaction of light 
with matter seems to be Synge ( 1928 , 1932 ), who proposed an apparatus, in which 
a sample is illuminated through a small aperture in an opaque screen, the area of the 
aperture being substantially smaller than the diffraction limit of the light used for the il- 
lumination (of subwavelength size). The aperture should be moved in small increments 
(scanned) over the sample by use of a piezo-electric crystal. At every step of the scanning 
procedure the Ught transmitted through the sample should be collected and the intensity 
measured. The resolving power of such an instrument should be limited by the size of the 
aperture and the distance from the aperture to the sample rather than by the wavelength 
of the illuminating light. For whatever reason, the proposal of Synge was forgotten, 
and even though [Bethe (1944 ) and Bouwkarnp| ( 1950a , 1950b ) discussed the problem 
of diffraction by small holes, the idea of an optical near-field microscope remained for- 
gotten until p'Keefe (1956 ) made the proposal, apparently without any knowledge of 
the instrument proposed by [Synge . The first demonstration of an image obtained with 
scanning in the electromagnetic near-field zone was given by Ash and Nichols (1972 ), 
who used microwaves of wavelength of 3cm to resolve metallic gratings with linewidths 
down to 0.5mm, corresponding to 1/60-th of a wavelength. Another twelve years should 
pass before near-field electrodynamics was adressed again. Near-field optics evolved in 
the mid-eighties in the wake of the experimental works by the groups of Pohl, Lewis, 
and Fischer (Pohl, Denk, and Lanz 1984 ; Lewis, Isaacson, Harootunian, and Murray 
1984; Fischer 1985; Fischer and Pohl 1989). The main efforts of this new branch of 
modern optics is concentrated on the original idea of subwavelength imaging [see, for 
example, the recently published book by Paesler and Moyer (1996), the proceedings of 
the first conference on near-field optics ( Pohl and Courjon 1993 ), or proceedings from 
later conferences in near-field optics (Isaacson 1995; Paesler and van Hulst 1995; Nieto- 
Vesperinas and Garcia 1996; van Hulst and Lewis 1998 )]. 

The appearance of microscopes with subwavelength resolution inevitably poses the 
questions of the resolution limit and the degree of spatial confinement of light — two in- 
separable questions in near-field optics. Fundamentally, the spatial confinement problem 
is linked to the field-matter interaction in the vicinity of the source emitting the field and 
in the near-field region of the detector. In classical optics, near-field effects traditionally 
have played a minor role, and the possibilities for studying material properties on a small 
length scale usually are judged in relation to the diffraction limit criterion attributed to 
Ernst Abbe (1873 ) and the third baron Rayleigh (1896). The Rayleigh criterion, though 
mainly invoked in the context of spatial resolution, also sets the limit for the possibili- 
ties of light compression in far-field studies. As already emphasized by [lord Rayleigh 
and later discussed, for instance, by Ronchi (1961), the resolution problem is not a sim- 
ple one, even in classical optics. A recent survey of the resolution problem within the 
framework of classical optics has been given by [den Dekker and van den Bos (1997 ). 
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When the interaction length of an electromagnetic field across the individual struc- 
tures in a condensed matter system is on the order of an optical wavelength (typically 
a few atomic distances), the theoretical description of the field-matter interaction be- 
longs to the field of mesoscopic electrodynamics. Within the last two decades studies of 
the optical properties of mesoscopic systems, such as quantum wells (single and mul- 
tiple), -wires and -dots, surfaces, interfaces, and more exotic geometries have drawn 
the attention of many researchers. Because of the immediate potential for industrial 
application many of these studies have been concentrated on the properties of semicon- 



ductors (see, e.g., [Weisbuch and Vinter (1991[ ), and references herein). In recent years 
in particular investigations of the nonlinear electrodynamics have been in focus. Among 
the many nonlinear phenomena studies of second harmonic generation (S ipe and Stege- 
man 1982; Richmond, Robinson, and Shannon 1988~ [Heinz 1991 ; Reider and Heinz 
1995; Liebsch 1995; pedersen 1995), sum- and difference frequency generation (Reider 



and Heinz 1995 ; $avli and Band 1991D, photon drag ([Keller 1993|; |Vasko 1996|; C hen 



and Keller 1997; Keller and Wang 1997), DC-electric-field induced second harmonic 
generation ( [Aktsipetrov, Melnikov, Murzina, Nikulin, and Rubtsov 1995[; A ktsipetrov, 
Fedy anin, and Downer 1996), the Kerr effect (Pustogo wa, Hiibner, and Bennemann 
1994; t^^iu and Keller 1995 ; [Rasing and Goerkamp 1995 ; Rasing 1996| ), electronic and 
vibrational surface Raman scattering ( fMkoma 1989 ; Mishchenko and Fal'kovskii 1995 ; 
Garcia- Vidal and Pentry 1996), two-photon photoemission ([Haight 1995 ; Fauster and 



Steinmann 1995; Georges 1995; Shalaev, Douketis, Haslett, Stuckless, and Moskovits 



1996; Fergiman, Warda, Girardeau-Montaut, and Girardeau-Montaut 1997), and gen- 
eration of higher harmonics ( von der Linde 1996 ; Gavrila 1992 ) have played a promi- 
nent role. Among the more exotic phenomena, studies of the Aharonov-Bohm effect in 



mesoscopic rings ( [Wang 1997[ ) and whispering-gallery modes in microsphe res (K night, 
Dubreuil, Sandoghdar, Hare, Lefevre-Seguin, Raimond, and Haroche 1995) have also 
been carried out lately. 

From a theoretical point of view the refractive index concept becomes meaningless for 
structures of mesoscopic size. Therefore, macroscopic approaches to describe the field- 
matter interaction have to be abandoned from the outset, and the theoretical analyses 
have to be based on the microscopic Maxwell equations combined with the Schrodinger 
equation. The Schrodinger equation describes the quantum state of the condensed matter 
system, and is a fundamental part of the quantum mechanics initiated in the beginning of 
the 20th century by such scientists as Planck, Einstein, Bohr, Heisenberg, Born, Jordan, 
de Broglie, Schrodinger and Dirac. Even an attempt to give a satisfactory historical 
survey of the development of quantum mechanics at this point will fail because of the 
almost universal status quantum mechanics has reached in the description of modern 
physics. Instead, for the history of quantum mechanics including a description of the 
mathematical foundation, please consult for example von Neumann (1932[) or Bohm 



(1951). A modern and comprehensive description of quantum mechanics is given by 
[Cohen-Tannoudji, Diu, and Laloe (1977 ), where also a comprehensive list of references 
to key papers can be found. An example of interesting papers is the series of articles by 
Schr5dingei] ( [1926^ , [l926b| ). 



Chapter 2 



Standard theory of 
optical phase conjugation by degenerate four- wave mixing 

Optical phase conjugation is a nonlinear optical phenomenon, in which an incoming op- 
tical field is reflected in such a manner that the wavefronts of the reflected field coincide 
with the incoming field, hence also the name "wavefront inversion", frequently used in 
the literature. The principle of optical phase conjugation has gained widespread atten- 
tion because of its abiUty to correct for distortions introduced in a path traversed by an 
optical signal. In principle, it works like this: An optical source is placed on one side 
of a distorting medium (crystal, waveguide, atmosphere, etc.). A system in which phase 
conjugation takes place (called the phase conjugator) is placed on the other side of the 
distorting medium. A field emitted from the source in the direction of the phase conjuga- 
tor then travel through the distorting medium, and is reflected by the phase conjugator. 
The phase conjugator reverses the wavefront of the incoming (probe) field, and when 
the reflected light comes back through the distorting medium, the wavefront is (ideally) 
exactly reversed, compared to that originally emitted by the source. Since it is possible 
to see how the light was originally emitted by the source by looking at the phase conju- 
gated replica, it is sometimes also given the somewhat misleading term "time reversal" 



( [Yariv 1978[ ). Several schemes exist to achieve phase conjugation, the most widely used 
called "degenerate four-wave mixing" (DFWM). Optical phase conjugation in the form 
of degenerate four-wave mixing (DFWM) is a nonlinear third order effect, where mixing 
of two counterpropagating "pump" fields and a "probe" (or "signal") field — all with the 
same frequency co — results in, among other signals, a generated field (the "conjugate") 
with frequency CO = CO + CO — CO, which is counterpropagating to the probe field. 

In the following, I present the theoretical model usually adopted in studies of optical 
phase conjugation by degenerate four-wave mixing, and consequently this chapter will 
consist mai nly of textbook material. The treatment roughly follows that of Y ariv and 



Fisher (1983) and of |Boyd (1992). The DFWM geometry suggested by Yariv and Pepper 



(1977) is shown in Fig. |2. l| . In this configuration, a lossless nonlinear optical medium 
is illuminated by two strong counterpropagating pump fields Ei and E2 and by a weak 
signal (probe) wave £3. The pump fields are usually taken to be plane waves, although 
they in principle are allowed to have any kind of wavefront as long as their amplitudes are 
complex conjugates of each other. The probe field can have a more complex wavefront. 
Resulting from the mixing process in the medium a conjugate field appears, propagating 
in the direction oppositely to the probe. 
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Figure 2.1: Geometry of phase conjugation by DFWM in the standard model. 



In order to describe the electromagnetic field we first establish the wave equation 
for the interacting fields from the macroscopic Maxwell equations. It is thereafter re- 
duced to its slowly varying envelope approximation (SVEA) form. The four macro- 
scopic Maxwell equations are 



VxEirJ) 



dB{r,t) 



dt 



VxH{r,t)=J{r,t) + 

V-D{r,t)=p{f,t), 
V-B{r,t)=0. 



dD{r,t) 
dt 



(2.1) 

(2.2) 

(2.3) 
(2.4) 



We now assume that the material is homogeneous, nonmagnetic (B = ^qH), and non- 
conducting (7 = 0) and that there are no free charges (p = 0). We write the displacement 
vector D(r,0 as 



b{r,t)=ZQE{r,t)+ZQP{r,t) 



(2.5) 



where P{f,t) is the polarization, which we split into its linear, Pl. and nonlinear, Pnl. 
components 



P{f,t) =PL{r,t)+Pni.{r,t). 



(2.6) 



Above, the linear polarization describes the material response due to interaction with the 
field of first order. We thus define the hnear susceptibihty x from the linear polar- 
ization in the manner Pl = X 'E. The linear permittivity £,- is then found from the 
linear part of the displacement, giving s^ = 1 + X • Taking the curl of Eq. (Ob and 



inserting Eq. ( |2.2| ) into the resulting equation, we obtain (by use of the operator identity 
V X Vx = — V^ + VV-) the following wave equation 



IV^ 






■E{r,t) 



1 3^PNL(r,0 

c2 a?2 



(2.7) 
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where we have assumed that the electric fields are perpendicular to their corresponding 
wavevector (transversality). The nonlinear polarization is usually described as a power 
series in the electric field, 



xt(i) 



■.EE + t^^\EEE + ..., 
V(2) 



(2.8) 



where X is the linear susceptibility, x^ Ms the second-order nonlinear susceptibility 
tensor, X is the third-order nonlinear susceptibility tensor, etc. This expansion is of 
course only of interest if we can assume that P^'' » P'^^ ^> P^^^ ^ • • • (the paramet- 
ric approximation). Since we have assumed the medium to be lossless, the susceptibility 
tensors are real time-independent quantities, and hence also s^ is a real quantity. The lin- 
ear susceptibility tensor is included in the linear polarization (Pl) above, and the lowest 
order nonlinear polarization of interest to DFWM is the third-order one, i.e.. 



S7(3): 



7^(r,0 = x^'>:E{r,t)E{f,t)E{r,t) 



(2.9) 



Above, the sum-product operator ":" is defined such that element / of the nonlinear 
polarization is 



PNUi{7,t) = Y,:i%Eh{r,t)Ek{r,t)Ej{r,t). 



(2.10) 



jkh 



The total electric field is a sum of the four individual fields in the DFWM process. 



£(r,0=X^«(r,r) = -££a(r> 



i:\J{ka-r-(at) 



+ C.C., 



(2.11) 



a=l 



'a=l 



where Ea{r) are slowly varying quantities, and the wavevector ka is real. Since we 
assumed that the pump fields E\{f,t) and E2{r,t) are counterpropagating, the sum of 
their wavevectors is zero, i.e., k\+k2 = 0. Inserting Eq. (2.11) into Eq. (2.9), a large 



number of terms are generated. In the phase conjugation configuration we are partic- 
ularly interested in the terms related to the first harmonic in the cyclic frequency CO. 
Among these terms are terms that can act as phase-matched source terms for the con- 
jugate wave E/[{r,t) when the probe and conjugate fields are counterpropagating, i.e., 
when ^3 + ^4 = 0. Using these two properties of the wavevectors, terms with a spatial 
dependence of the form e'*^« *" are particularly important because they produce the phase- 
matched terms for the four interacting electric fields. The polarizations associated with 
these phase-matched contributions (at co) become 



^m=h}^- 



^m=li^\ 



miEl + 2 £ Eaml + lElE^E^ 

ae{2,3,4} 

E2E2E*2+2 £ Ej2E*a + 2ElE3E4 
ae{l,3,4} 



J{ki-T—m) 



Ji{k2-r-tat) 



+ C.C., (2.12) 



+ C.C., (2.13) 
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«(r,0 = >i 



PiS^(r,t) = lf^l 



«£{ 1,2,4} 

Ei^E^Ei^ +2 2_i EaE^Ef^ + 2E\E2E-^ 
«e{i,2,3} 



^i(ki-r-w) 



J{k4-r-(at) 



+ C.C., (2.14) 



+ C.C., (2.15) 



in a short notation where E =E{f). With this splitting of the nonlinear polarization, the 
wave equation is satisfied, when each of the four fields and their related polarizations 
satisfy the wave equation separately. Next, assuming that the pump fields are much 



stronger than the probe and the conjugate fields, we can drop the terms in Eqs. (2.12)- 



(2.15) containing more than one weak-field component, thus obtaining 



MMLV 


t 




t 


3(3) /p 


t 




t 



It''--- 



3„ 



(3): 



r5C 



(3): 



E1E1EI + IE2E1EI 

E2E2E^ + 2EiE2E*i 

E\Et,E-^ +E2Et,E2 +E1E2E4 

EIE4EI +E2E4EI+EIE2EI 



^i(<:,.r-Q)0+c.C., 



^i(fo-r-(nf)^^_^_^ 



e'(*^3'=-a)0+c.C. 



^i(/c4-r-(nr)^^_^ 



(2.16) 
(2.17) 
(2.18) 
(2.19) 



again in short notation. Note that by this approximation the polarizations associated 
with the pump fields have been decoupled from the probe and conjugate fields. Then we 
may first solve the wave equations for the pump fields, and thereafter insert the result 
into the wave equations for the probe and conjugate fields. Following this insertion, the 
probe and conjugate fields can be found. Since V^{£(r)e'^'^ ''^"'^^} = {(V^ + 2i[^ • V] — 
/:^)£(r)}g'(^ ''^""\ the wave equation for pump field 1 can be written 



t[y' + ii[h-y\-k']+—tr 



0)2 „ 



■El 



30)2 

'8c 



2 5C 



(3): 



EiEiEl + 2E2EiE^ 



(2.20) 



still in the short notation from above. Assuming now that we have an isotropic medium, 
the susceptibility tensors must be invariant to inversion and rotation around any axis 
in the chosen Cartesian coordinate system. The demand of inversion symmetry leaves 
all tensor elements with an odd number of x's, j's, or z's zero, and thus only diagonal 

elements survive in the linear susceptibility tensor, and only the 2 1 elements in the non- 

(3) f3) (3) 

linear susceptibility tensor of the form X-,;.-, X;//;' ^^d X;/// ^^ nonzero, / and j being any 

X, y, or z- The demand of invariance to rotational transformations results in the demand 

that the three remaining nonzero elements of the linear susceptibility tensor are equal, 

and thus we find that £,. = Is,.. In terms of the refractive index n of the medium, that 

is Zr = n^. For the nonlinear susceptibility tensor this demand imphes that the nonzero 

elements can be written 



X 



(3) 
•ijkh 



- 'XpcxyyOijVkh + XxyxyOikOjh + Xxyyxi^ihi^jk- 



(2.21) 
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In the DFWM case, permutation symmetry between the two fields without the complex 

(3) (3) 

conjugation makes k and h interchangeable, and thus Xkyxy i^ equal to Xxyyx, leaving the 
nonzero elements 

,{3) _^(3) 



(2.22) 



in the nonlinear susceptibility tensor. Furthermore, inside the medium the modulus of the 
wavevectors are the same, k\=k2 = kT, = kn = k = ndi/c. Under the above assumptions, 
Eq. ( 2.2(]| ) takes the form 

v2 + 2i[^i.V])£i(r) = -^{xSv[[^i(r)-£i(r)]£r(r)+2[£2(r)-£i(r)]£2*(r) 



+2y(^) 

^■^Kxyyx 



Ur)[E,{r) .El{r)]+2E2{r)[E,{r).El{r)]\ } . 



(2.23) 



Now the simplest assumption is that the four fields travel in a direction almost parallel 
to the z-axis (the paraxial approximation), that they have the same state of polarization, 
and that the pump waves have plane wavefronts (independent of x and y). Then instead 
of Eq. ( 2.23 ), Eq. ( 2.20 ) is rewritten into the form 
72 ^ \ am2 



|, + 2i^|) £i(z) = -^X.g.L [|£i(z)P + 2|£,(z)p] £i(z) 



(2.24) 



still for an isotropic medium, and now having k\ = k^. Introducing into Eq. ( p.24| ) the 
slowly varying envelope approximation (SVEA), in which it is assumed that \k{dE/dz)\ 
^ {d'^E/dz^l, we obtain 

dEi{z) _ 3m (3) 



-X.«i.v [\EiizW + 2\E2{z)\']Ei{z)=iK,E,{z). 



(2.25) 



dz 16?ic 

In a similar fashion we find that the pump field going in the negative z-direction is de- 
scibed by the equation 



dE2iz) 
dz 



3i(0 
I6nc 



A,xxxx 



\E2{z)\^ + 2\Ei{z)\^]E2{z) = -iK2£2(z) 



(2.26) 



,(3) 



since ^2 = —^z- Since y^Ax and n are real quantities (from the assumption of a lossless 
medium), Ki and K2 are also real quantities. Eqs. ( 2.25| ) and ( 2.26 ) have solutions on the 
form Ex (z) = Ey (O)^'''^'- and £2(2) = £'2(0)e"''^2z^ respectively. 

Next, we consider the probe and conjugate fields. If we assume that the incident 
probe wave can be decomposed into plane waves we can for simplicity consider only one 
of these at a time. Under this assumption, and keeping the approximations mentioned 
before, the wave equations for the probe and conjugate fields are 

dE-i (z) 3i(0 



dz 



^£1 { [|£i(0)|2 + 2|£2(0)|2] Esiz) +E,{0)E2{0)E:{z)e'^^^-^^^^] 



mE3{z) + iKE;{z), (2.27) 

^/'xlx { [|£i(0)|2 + 2|£2(0)n E,iz)+E,iO)E2iO)E;iz)e'(-'--^-^^} 



dE^{z) 3i(0 



dz Snc 

= -iK3£4(z)-iK£3*(z) 



(2.28) 
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To achieve perfect phase matching between the probe and the conjugate field, K has to be 
constant along z, requiring that Ki = K2, which means that the intensity of the two pump 
fields must be the same (|£'i(z)p = |£'2(z)P). If we additionally introduce a change of 
variables by letting £3(1) = E!^{z)e'''^~ and E^z) = E'^{z)e-''''\ Eqs. ( ^^271 ) and ( ^^281 ) 
become 



dE',{z) 
dz 

dE'^jz) 

dz 



■-iKE';{z) 



-iKE'*{z) 



(2.29) 



(2.30) 



and we notice in passing that the primed and the unprimed variables coincide in the 
input plane of the interaction region, i.e., at z = 0. Eqs. ( 2.29| ) and (2.3C) shows why 
degenerate four- wave mixing leads to phase conjugation, since the generated field E'^{z) 
is driven only by the complex conjugate of the probe field amplitude. Differentiation of 
Eq. ( 2.29| ) and insertion of Eq. ( 2.3C ), an vice versa, we get 

'^'^^(z)+^2£/(,)=0, (2.31) 



dz^ 

d^E'^jz) 
dz^ 



+ k2£;(z)=0. 



The characteristic equation is X^ + K^ = 0, which has solutions X 



(2.32) 
ibiK. The general 



solution to Eqs. (2.31) and (2.32) is then 



£^(z)=Cie"^^+C2e-"«, (2.33) 

E'^iz) = C3e''^+C4e-'^. (2.34) 

Assuming that we know the values £3(0) and E'^{L), we can then find Ej{z) and E'^{z) 
as a function of these two boundary values. Then the solutions to the coupled differ- 
ential equations, Eqs. ( 2.29| ) and ( 2.3(]| ), describing the electric field inside the phase 
conjugating medium, become 

cos[k(L-z)] ;ww,^sin(Kz) 



E^iz) 



E' 



4{Z) 



■Em 

-E',{L) 



cos(kL) 
cos(kz) 



iE':{L 



iE',* 



(0) 



cos(kL) 
sin[K(L-z)] 
cos(kL) 



(2.35) 



(2.36) 



cos(kL) 

In the practical case, £3(0) (the probe field coming into the medium) is finite and E'^{L) 
(the phase conjugated field at the other end of the medium) is zero. The phase conjugated 
field coming out of the medium at z = is then 



£;(0) = -i£3*(0)tan(KL). 



(2.37) 



Thus the phase conjugated field depends on (i) the intensity of the pump fields, (ii) the 
length of the active medium, and (iii) the incoming probe field, and we notice that the 
magnitude of the phase conjugated field can be larger than the magnitude of the incoming 
probe field. 



Chapter 3 



Discussion 



The theoretical description given in the preceding chapter is not the only existing de- 
scription of phase conjugation by DFWM in the macroscopic sense, but it illustrates 
quite well the usual line of thought when considering optical phase conjugation. As ex- 
amples on theoretical papers going beyond the description in Chapter §, let us mention 
that (i) polarization properties have been studied by pucloy and Bloch (1984 ), (ii) de- 
scriptions taking into account the vectorial properties [see Eq. ( 2.20| )] have been given, 
e.g., by [Syed, Crofts, Green, and Damzen (1996 ), (iii) improvements to the standard 
theory in the form of abandoning the slowly varying envelope approximation (SVEA) 



have also been discussed [see, e.g., pMarburger (1983[ ) and |Farzad and Tavassoly (1997[ )] 



A feature of the standard theory [see Eq. (2.37)] is that the phase conjugated response 
depends on the length of the nonlinear crystal used (infinite at kL = {2p + l)7i/2 for any 
integer value of p). The standard theory has proven to be a satisfactory description for 
spatially nondecaying fields containing no evanescent components. 

Though the overwhelming majority of optical phase conjugation experiments can be 
described without inclusion of evanescent components of the electromagnetic field, the 
possible phase conjugation of these components has been discussed from time to time. 



With the experimental observation of pozhevolnyi, Keller, and Smolyaninov| ( |1994| , 



1995|), the need for inclusion of near-field components and thus evanescent modes in 
the description of optical phase conjugation has drawn renewed attention. 



In an important paper by [Agarwal and Gupta (1995| ) the treatment was focused on an 
analysis of the phase conjugated replica produced by a so-called ideal phase conjugator, 
characterized phenomenologically by a polarization- and angle of incidence independent 
nonlinear amplitude reflection coefficient, and in recent articles by Kellei ( 1996b| , |1996c ) 
attention was devoted to an investigation of the spatial confinement problem of the phase 
conjugated field. Macroscopic theories including near-field components in the optical 
phase conjugation process have also appeared recently (B ozhevolnyi, Bozhevolnaya, 



and Bemtsen 1995; [Arnoldus and George 1995[ ). 

In their work [Bozhevolnyi, Keller, and Smolyaninov used degenerate four-wave mix- 
ing (DFWM) produced by a lOmW HeNe laser with a wavelength of 633nm in an iron- 
doped lithium-niobate (Fe:LiNb03) crystal and an external-reflection near-field optical 
microscope to achieve phase conjugated light foci, which with a diameter of ~ ISOnm 
were well below the classical diffraction Umit. The main conclusion of their experiments 
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was that to achieve a spot size as small as 180nm phase conjugation of at least parts of 
the optical near-field emitted from the source must have taken place. 

In the present work we go one step further in the theoretical study of the phase con- 
jugation of optical signals which include near-field components by abandoning the ideal 
phase conjugator assumption. For simplicity our description is limited to cover only the 
degenerate four-wave mixing configuration for which the interacting optical fields all 
have the same cyclic frequency CO. 

Because of the small range of the optical evanescent fields from the (mesoscopic) 
source a substantial part of the near-field phase conjugation process is bound to take 
place in the surface region of the phase conjugating medium. It is thus from the very 
outset necessary to focus the attention on the surface region of the nonlinear mirror and 
investigate the phase conjugation process on a length scale (much) smaller than the op- 
tical wavelength. This fact in itself makes use of the ideal phase conjugator assumption 
doubtful. For a bulk phase conjugator it may furthermore be difficult to assure an ef- 
fective nonlinear mixing in a surface layer as thin as the field penetration depth. Thus, 
experimentally it might be advantageous to use a thin film or even a quantum well as the 
nonlinear medium (see Fig. p.l[). From a different perspective the use of a thin film as 



the nonlinear medium has already drawn attention ( pVIontemezzani and Giinter 1996| ). 

The present theory has been constructed in such a manner that it offers a framework 
for microscopic studies of degenerate four-wave mixing at surfaces of bulk media, in 
thin films and quantum wells, and in small particles. To carry out in detail a rigorous mi- 
croscopic numerical analysis of the DFWM process it is, however, necessary to consider 
mesoscopic media with a particularly simple electronic structure, and we shall demon- 
strate later how the present theory can be applied to a simple quantum well structure. 

In conventional descriptions of optical phase conjugation by DFWM it is assumed that 
the interaction length is long compared to the wavelength of the probe fields, thus build- 
ing up pictorially speaking from one of the pump beams and the probe beam a grating, 
from which the other pump beam is scattered into a phase conjugated replica (the 'real- 
time holography' picture). Furthermore it is assumed that the amplitudes of the fields are 
slowly varying on the optical wavelength scale [Slowly varying envelope (SVE) approx- 
imation] and thus also constant across the individual scattering units (atoms, molecules, 
. . . ) [Electric dipole (ED) approximation] of the phase conjugating medium. Consider- 
ing optical near fields, which contain components varying rapidly in space, the afore- 
mentioned approximations do not hold and we thus exclude them in the present formal- 
ism. We also avoid other approximations often made in the literature, namely (i) the 
assumption of a lossless medium, (ii) the ab initio requirement of phase matching be- 
tween the interacting optical signals, and (iii) the assumption that the probe field is weak 
compared to the pump fields. 

To illustrate the need for a theory going beyond the SVE and ED approximations. 



we have in Fig. |3^ shown the component of the probe wavevector perpendicular to 
the surface, inside as well as outside the phase conjugator, as a function of its paral- 
lel component. When the parallel component of the probe wavevector becomes larger 
than co/co, the perpendicular component of the wavevector becomes purely imaginary 
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Figure 3.1: The upper part is a schematic illustration showing the Weyl representation of a 
spherical wave-field from a point (mesoscopic) source. In this representation the field is ex- 
panded in plane waves over a plane, in practice the surface in consideration. The two-dimensional 
wavevector (^||) expansion consists of those terms for which q\\ < (o/cq (cq being the vacuum 
speed of light) plus those having qn > Co/cq. In the first group of terms the component of the 
wavevector perpendicular to the surface (vertical arrow) is real so that the individual plane-wave 
modes are propagating, and in the second group, consisting of evanescent modes, this compo- 
nent is purely imaginary. The solid lines attached to two of the arrows indicate planes of constant 
phase, and the dotted lines attached to the evanescent modes indicate lines of constant amplitude. 
The lower part is a schematic illustration showing an exponentially decaying mode from a meso- 
scopic source placed near a thin film (quantum well) phase conjugator To phase conjugate an 
evanescent mode in an effective manner the near field of the source must overlap the phase con- 
jugator, and as indicated it is not always correct to assume that the selfconsistently determined 
evanescent field is constant across the thin film. 



in the vacuum, but it is still real inside the phase conjugating mirror. A purely imagi- 
nary wavevector component means that the electromagnetic field is evanescent, whereas 
a real component indicates that the field is propagating and nondecaying (in the absense 
of absorption). When the parallel component becomes larger than nOi/cQ (where n is the 
refractive index of the substrate) the perpendicular component of the probe wavevector 
becomes evanescent also inside the phase conjugating mirror, and the larger the parallel 
component, the more wrong the SVE and ED approximations become. Thus to study, for 
instance, the phase conjugation of all field components possibly emitted from a meso- 
scopic source in the vicinity of the phase conjugator it is necessary to abandon these 
approximations. 

As already mentioned, the present theory not only allows one to investigate the optical 
phase conjugation of evanescent waves with small penetration depths, it also enables one 
to investigate the possibility of achieving DFWM in mesoscopic films (quantum wells). 
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Figure 3.2: The component of the probe wavevector perpendicular to (q\^ a vacuum/bulk 
phase conjugator interface as a function of its real parallel component (^m) in vacuum (solid 
line, ^'[) and in the substrate (dashed line, q"^. For q\\ < Co/co, q\^ = [(co/co)^ — (Zm]''^, and 
q"^ — [(n(o/co)^ — g'n] '' ^ are both real, and the associated plane waves are thus propagating (and 
nondecaying) in both the vacuum and the phase conjugator, neglecting absorption. In the region 
co/co < q\\ < nco/co (« being the linear (real) refractive index of the phase conjugator), (7*[ = ia*}^ 
becomes purely imaginary (we plot a^^ = [q^. — (co/cq)'^]''^), but q± is still real. The field in 
the vacuum is thus evanescent in this region. In the region qn > nco/co, also q± — iax is a 
purely imaginary number (we plot a"^ — [q}, — (mCo/cq)^]''^), so that also the field in the phase 
conjugator is evanescent. 



a subject of interest in its own right. The main reason that the present formulation may 
be used in near-field optics as well as in mesoscopic-film electrodynamics originates in 
the fact that in both cases the microscopic local-field calculation is the crucial quantity. 
A further advantage of the present theory is that it allows us to study phase conjugation 
when one or more of the interacting fields are surface-wave fields. 

The construction of such a theoretical model begins with the microscopic Maxwell- 
Lorentz equations, which combined with the nonlocal linear and third-order nonlinear 
constitutive equations are used to set up the basic wave equation for the phase conjugated 
field. The linear and nonlinear conductivity responses of the electrons will be calculated 
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within the framework of the random-phase-approximation theory, the starting point be- 
ing the Liouville equation of motion for the density matrix operator. In the description 
we include in the interaction Hamiltonian not only the standard p ■ A term (p being the 
momentum operator and A being the vector potential) but also the term proportional to 
the square of the vector potential, i.e., A -A. For a monochromatic driving field (of cyclic 
frequency co), this term contains 2(0- and DC-parts, and both of these are in general im- 
portant for the description of the microscopic phase conjugation process. In the current 
density operator we include the term containing the vector potential. This term, needed 
in order to ensure the gauge invariance of quantum electrodynamics, also turns out to be 
of importance in some cases. Starting from a dipolar interaction Hamiltonian the first 
explicit microscopic derivation of the third-order conductivity (susceptibility) response 



appears to be due to Bloembergen, Lotem, and Lynch Jr. (1978). The result of Bloem 



bergen, Lotem, and Lynch Jr. is based on a r • £" calculation and only the vector-potential 
independent part of the current density operator is kept. Apart from a single study deal- 



ing with the electromagnetic self-action in a BCS-paired superconductor (Keller 1995), 



it seems that in all theoretical investigations of the DFWM-process in which microscopic 



considerations have appeared, the Bloembergen, Lotem, and Lynch Jr. expression has 



been used. We cannot use this expression here, however, since we need to address a 
local-field problem when dealing with mesoscopic interaction volumes, and such a prob- 
lem necessitates that we take into account values of ^|| much larger than co/cq, and thus 
that the calculation goes beyond the ED approximation. To account for local-field effects 
it is necessary to perform a spatially nonlocal calculation of the third-order conductivity, 
and this is most adequately done beginning with the minimal coupling interaction Hamil- 
tonian which contains both the p-A and A -A terms. In the local limit where the vector 
potential only depends on time our expression for the nonlinear conductivity and the r • E 



based one of Bloembergen, Lotem, and Lynch Jr are physically equivalent, provided the 



terms stemming from the gauge conserving vector potential dependent part of the current 
density operator are neglected. Though physically equivalent, the explicit forms of the 
relation between the nonlinear current density and the electric field only coincides after 
having performed a relevant unitary transformation on the minimal coupling Hamilto- 
nian and the related electronic wave functions. In stead of using the minimal coupling 
Hamiltonian to describe the nonlocal dynamics one could in principle have used the 
multipolar Hamiltonian. In practice this is less convenient for the present purpose due to 
the fact that the pronounced nonlocality we sometimes are facing in mesoscopic media 
would require that many multipole terms were kept in the Hamiltonian. The essentially 
nonlocal terms in the nonlinear conductivity are included in our treatment because they 
in certain cases — especially for very small interaction volumes — are the only contribut- 
ing ones, and in other cases they dominate the phase conjugated response. Since we deal 
with a spatially nonlocal description it is important to characterize the spatial structure 
involved in the physical processes behind the phase conjugation, and the various phys- 
ical processes hidden in the nonlinear and nonlocal constitutive equation are therefore 
identified. Following the identification of the physical processes, an expression for the 
so-called conductivity response tensor describing the nonlinear material response in the 
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DFWM process is established, and the eigensymmetries of the conductivity tensors be- 
longing to each of the processes occuring in the DFWM process are discussed. Rather 
than solving the full spatial problem (which would be cumbersome, if not impossible), 
we consider a simplified system possessing infinitesimal translational invariance in two 
directions. For such a system the potential of the related Schrodinger equation only 
varies in the direction perpendicular to the plane of translational invariance. The fun- 
damental solutions to the time-independent Schrodinger equation are inserted into the 
linear and nonlinear conductivity tensors thus giving us the framework for a theoretical 
description of the DFWM process in mesoscopic films (quantum wells) as well as for 
evanescent waves. Compared to conventional descriptions of optical phase conjugation 
in bulk media the concept of phase matching (momentum conservation) now appears 
only in two dimensions. The lack of translational invariance in the third dimension im- 
pUes that no phase matching occurs in this dimension. Phase matching (in one, two or 
three dimensions) is not a precondition set on our theory, it follows to the extent that the 
phase conjugating medium exhibits infinitesimal translational invariance. Despite the 
fact that the phase matching is lost in the third dimension, phase conjugation may still 
take place in quantum wells and thin films, and with evanescent fields, just as second 
harmonic generation can occur in quantum-well systems, at metallic (and semiconduct- 
ing) surfaces and from nonlinear (sub)monolayer films deposited on linear substrates 



( [Richmond, Robinson, and Shannon 1988| ). To complete our local-field calculation of 
the optical phase conjugation by degenerate four- wave mixing in mesoscopic interaction 
volumes, we use a Green's function formalism to establish new integral equations for the 
phase conjugated field in the general case, and in the case where the nonlinear medium 
exhibits translational invariance in two dimensions. The microscopic local-field theory 
thus established is then used to describe the DFWM in one- and two-level quantum-well 
phase conjugators. 
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Chapter 4 



The electromagnetic field 



In this chapter a description of the electromagnetic field from a phase conjugating medi- 
um is established, starting from the microscopic Maxwell equations. First, we derive 
the relevant wave equation for the phase conjugated field. The field-matter interaction 
is then described through the use of constitutive relations. In the final step of this basic 
framework, a self-consistent description of the phase conjugated field is established. 



4.1 Wave equation for the phase conjugated field 

As a starting point we take the microscopic Maxwell-Lorentz equations, in which the 
material response at the space-time point (r,?) is completely described via the micro- 
scopic current density J{r,t), and the related charge density, p{r,t). They are 

Vx^(F,0 = -^, (4.1) 

-. ^^^ ^ -,^ , 1 dE(r,t) 



c, 



dt 



'0 

V-E{r,t) = -p{r,t), (4.3) 

£() 

V-S(r,0=0, (4.4) 

E{f,t) and B{f,t) being the electric and magnetic fields prevailing at the space point r at 
the time t. 



Taking the curl of Eq. ( |4. 1| ) and inserting the result into Eq. ( |4.2|) we obtain the fol 



lowing wave equation for the prevailing local electric field E(f,t): 

(ln + V® V) -Eir,!) = -A^O^^, (4.5) 

where D = -7^ — V is the d'Alembertian operator, 1 is the (3 x 3) unit tensor, and (8> 
is the outer (dyadic) product operator. 

Introducing the electric field as a Fourier series in the cyclic frequency co, viz. 

i CO 

E{r,t) = - £ £_„a,(r )e-'«™ + C.C., (4.6) 



^a=0 
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where a is an integer and "c.c." denotes the complex conjugate of the first terms, we 
subsequently can limit ourselves to a harmonic analysis. Since E{f,t) is a real quantity, 

Likewise, we write the current density as a Fourier series in (O, in which each compo- 
nent implicitly is expressed as a power series in the electric field. Thus 

^l^'O = ^ I I fe:'P) (.).-'"«" + c.c.) , (4.7) 

^a=Op=0 

where a and (3 are integers. Looking for solutions at the cyclic frequency CO, only fields 



and current densities with a = 1 in Eqs. (4.6) and (4.7) contributes. Accordingly we 



in the following write the phase conjugated (PC) electric field without the reference to 
the cyclic frequency, i.e., £_(„(?) = £pc(r ). In the case of DFWM we will assume that 
the lowest order nonlinear interaction dominates over higher order mixing processes. 
Thus, in order to describe the DFWM response of our medium we retain only the two 
currents of lowest order in P, namely the linear contribution /_co(r) and the lowest order 

nonlinear contribution Jlfair). The wave equation for the negative frequency part of the 
phase conjugated response hence takes the form 

2 ^^ + ^') -^®^ ■'^Pc(r) = -ifioOi{j['i{r)+Pl{r)) . (4.8) 



4.2 Constitutive relations for the current densities 

To close the loop for the calculation of the phase conjugated field, the microscopic cur- 
rent densities J^(l{r) and Ji(l,{r) are given in terms of the local electric field through 
constitutive relations describing the field-matter interaction in a perturbative manner. 
Choosing a gauge where the time-dependent part of the scalar potential is zero, the elec- 
tric field is related to the vector potential via E{r) = i(J0A(r). Thus the microscopic 
current densities can be related via the constitutive relations to the vector potentials of 
the phase conjugated field (Apc) and the fields driving the process (A). The linear con- 
stitutive relation we therefore write in the form 

7"12(r) = /« [Q{7,r') ■Apc{r')d'r' , (4.9) 



where S(r,r') = a(r,r';(o) is the linear conductivity tensor The i'th element of the 
first order current density is proportional to the integral of [5 • Apc]; = T^j^^ij^PCj- The 
nonlinear DFWM constitutive relation is written in a similar fashion, i.e., 

J?l{r) = {iio)' [ [ I ^r,r\f\f'''y:A{r''')A{r'')A*{r')d\'''d\''d\' , (4.10) 
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where Sfr,r ,f''r 



S(r,r',r",r"';(o) is the nonlocal third order conductivity tensor. 



1' ) ' ; 



The three-dimensional sum-product operator ":" is here meant to be interpreted for the 
/'th element of the third order current density in the following way: 



Z{r,r\r\r"')'.A{r"')A{f")A*{r') 



= £E,V^,(r,r',r",r'")A,(r"')A,(r'OA*(r'). 

'■ jkh 

(4.11) 



By inserting Eqs. (^ and ( |4.10| ), with Apc = £pc/(i(o), into Eq. (^ the loop for the 
phase conjugated field is closed. 



4.3 The phase conjugated field 

From the outset we assume that the parametric approximation can be adopted, i.e., we 
assume that the generated phase conjugated field does not affect the dynamics of the 
pump and signal fields. In the present case, where the phase conjugated field originates 
mainly in evanescent modes or from a quantum well, the interaction volume is small and 
the magnitude of the phase conjugated field thus very limited so that one may expect 
the parametric approximation to be quite good. The inherent spatial nonlocality of the 
processes which underlies the microscopic calculation of the local fields and currents is 
crucial and must be kept throughout the following analysis. 

Above we used the microscopic Maxwell-Lorentz equations to establish a wave equa- 



tion [Eq. ([4.8|)] for the phase conjugated electric field. Since this equation holds not only 
inside the phase conjugator but also in the medium possibly in contact with the phase 
conjugator, it is adequate to divide the linear part of the induced current density into two, 
i.e.. 



J{r)= -/cont (^; (O) + /pc {r; ^ 



(4.12) 



where 7cont (j', o) is the linear current density of the medium in contact (cont) with the 
phase conjugator, and Jp^. (r;(o) is the linear current density of the phase conjugator. In 
setting up the above-mentioned equation we have implicitly assumed that there is no 
(significant) electronic overlap between the phase conjugator and the contact medium. 
The two electron distributions can still be electromagnetically coupled, of course. In the 
quantum well case, /contl?^;®) is to be identified as the current density induced in the 
(assumed linear) response of the substrate. To deal with the evanescent response of a 
(semiinfinite) phase conjugator one just puts /cont(^;G)) = 0. 



Instead of proceeding directly with the differential equation [Eq. (4.8)] for the phase 
conjugated local field we convert it into an integral relation between the phase conjugated 
electric field and the prevailing current density, namely 



£pc(r;(o) = £|c('';w) -i/^oco / Go(r,r';(o) 



■/cont(r';(o)+/Jc\r';(o) 



d\\ 



(4.13) 
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where £p^'(r;(o) is the so-called external (ext) field driving the phase conjugation pro- 
cess, and Go(r,r';(o) is the electromagnetic vacuum propagator. Instead of proceeding 
with Eq. ( [4.13| ) as it stands, if possible, it is often advantageous to eliminate the cur- 
rent density of the contact medium in favour of a so-called pseudo-vacuum (or contact- 
medium) propagator, G(r,r'; co). Doing this, one obtains 

Epc{n(0) = E^cir'^(0) -i^o(0 f G{r,r'-(o) ■ 4cir''^(^)d^r' , (4.14) 

where £pf.(r;(o) is the so-called background (B) response of the phase conjugator The 
background field is effectively the field driving the phase conjugated response. From a 
knowledge of the nonlinear part, /_co(r ), of the current density of the phase conjugator, 
the background field can be calculated from the integral relation 

E^cindi) = -iAfoCO fG{r,r';(i))-jl^l{r')£r'. (4.15) 

In the parametric approximation adopted here the background field can be considered as 
a prescribed quantity. By inserting the linear constitutive equation 

J^^^(r;(o) = [a{r,r';(o) ■Epc{r';(o)d^r' (4.16) 

into Eq. ( |4.14| ) one obtains the following integral equation for the phase conjugated field: 

£pc(r;(0) =E^cir;(0)-m)(0 f /"G(r,r";(o) •a(r",r';(o) •£pc(r';(o)jWr'.(4.17) 
The formal solution of this equation is given by 

Epc{r,(0) = fT{r,r';(o) ■E^c{r'\(i>)d^r' , (4.18) 

where the nonlocal field-field response tensor r(r,r';(o) is to be derived from the dyadic 
integral equation 

f(r,r';(0) = 18(r-r')+ /^(r,r";(0)-r(r",r';(0)jV". (4.19) 

In Eq. ( |4.19| ) the tensor 

f (r,r";(0) = -i^uoCO /"G(r,r';(o) •a(r',r";(o)jV (4.20) 

is the kernel of the integral equation in Eq. ( [4.17 ). This kernel formally is identical to 
the one playing a prominent role in the electrodynamics of mesoscopic media and small 
particles [see Keller (1996a), section 4]. 

By inserting Eq. ( ^.15 ) into Eq. ( |4.18| ) and thereafter making use of Eq. ( 4. 10| ), the 
phase conjugated field may in principle be calculated from known quantities. In practice 
it is not so easy, since the integral equation in Eq. ( 117| ) for the phase conjugated field 
in general is too difficult to handle numerically even if rather simple linear conductivity 
response tensors are used, the reason being the inherent three-dimensional (r ) nature of 
the problem. One therefore has to resort to one sort of approximation or another. Just 
as in other linear and nonlinear studies of mesoscopic media, or media with a small 
interaction volume, a tractable problem is obtained if the medium in question possesses 
translational invariance in two directions as discussed in Part fll . 



Chapter 5 



Single-electron current density response 



In this chapter the Liouville equation of motion for the single-body density matrix op- 
erator is used together with the single-particle Hamiltonian to establish a more general 
quantum mechanical expression for the third-order current density than those hitherto 
found in the literature. The generalisation is of significant importance for the theory of 
near-field phase conjugation and for DFWM in mesoscopic films. Following the deriva- 
tion of the linear and the DFWM responses, we end this chapter by a discussion of the 
underlying physical processes. 



5.1 Density matrix operator approach 

The starting point for this calculation is the Liouville equation of motion for the single- 
body density matrix operator p, i.e., 

ih^ = [^,p]. (5.1) 

In the equation above, the single-particle Hamiltonian 9{ appearing in the commutator 
[9{ , p] in the present description is given by 



1 



2 



2 



a=l 



itf = :^o + ^R + K' + ^ I ^il^-'""' + H.a. , (5.2) 



where 9{() is the Hamiltonian operator for the electron in the material when the perturb- 
ing optical field is absent, 9{^^' is the interaction Hamiltonian of first order in the vector 
potential A{f), 9{^^^ is the interaction Hamiltonian of second order in A(r), iH^ repre- 
sents the irreversible coupling to the "surroundings", and "H.a." denotes the Hermitian 
adjoint. Although the spin and spin-orbit dynamics may be included in the formalism in 
a reasonably simple fashion we have omitted to do so because spin effects are judged to 
be significant only for nonlinear phenomena of even order. Hence 

9{G = ^P-P + V{r), (5.3) 



^-» = (^« ) = — [p-A{r)+A{r)-p], (5.4) 
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^^X={^?2)' =^m-m, (5.5) 

2 



-(2)__£ 

Am 



< =T:r^(^)-^*(^)' (5-6) 



where t stands for Hermitian adjugation, Vif) is the scalar potential of the field-unper- 
turbed Schrodinger equation, p = —ifN denotes the momentum operator, lUe is the mass 
of the electron, and —e is its electric charge. 

As often is the practice in optics we assume that the irreversible coupling to the sur- 
rounding reservoir can be described using a phenomenological relaxation-time ansatz in 
the Liouville equation, so that 

t r I Pnm Pnm , ,- n-. 

TT [^R,p„mJ = , n / m, (5.7) 

pim being the wm'th element of the thermal equilibrium density matrix operator, and x„„, 
the associated relaxation time. 

In the present harmonic analysis we also use a combined Fourier and power series 
expansion of the density matrix operator, namely 

P = ^Il(p-"l'V'«- + H.a.), (5.8) 

where a and P are integers, as before. The density matrix operator is Hermitian, i.e., 
(P-aco )^ = Poffl > and we solve the Liouville equation of motion in the usual iterative 
manner. 

To determine the conductivity response tensors, a(r,r') and E(r,r',r",r"'), appro- 
priate for describing the phase conjugation process, we consider the ensemble average 
J{r,t) of the microscopic single-body current-density operator j{r,t). This ensemble 
average is obtained as the trace of pj, carried out in the usual manner as a quantum 
mechanical double sum over states, i.e., 

J{r,t) = Tr |p j} = £ pnmJmn- (5.9) 

nm 

In Eq. (5^) and hereafter the ab'th matrix element of a single-body operator O as usual is 
denoted by Oat = {<^\o\b). In the absence of spin effects the microscopic current-density 
operator is given by ( Bloembergen 1965 ) 

j{r,t) = P\f) + 1 (;12^-'"' + H.a.) , (5.10) 

where 

FHr) = -^(^pir,)5{r-re)+Hr-rMre)) (5.11) 

2 

Jl'i = -— A(r,)6(r-r,). (5.12) 

nif, 
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5.2 Linear response 

Because of its usefulness for a subsequent comparison to the forced DFWM current 



density we first present the well known result for the linear- response (Feibelman 1975 



1982). Thus, by using the expressions for the current density [Eq. (5.1C)] and density 



matrix [Eq. (5.8)] operators it is realised that the linear current density is to be obtained 
from 



/2(r: 



,(1) T(o) 



}■ 



Tr{p(0)/l^i}+Tr|p-4i 
In explicit form the two traces are 

n 

Tr/r.(l) 7(0)\ _ V /" ~ ■/"' ^-M,»'" T(") 
ATiP-coJ \ ~ L^ t T^ —Jmn- 

L ^ tt n (0„,„-C0 



(5.13) 



(5.14) 



(5.15) 



In the equations above, we have introduced the complex cyclic transition frequency 
dinm = ^nm — i%m bctwccn States n and m. The respective energies E„ and E„, of these 
states appear in the usual transition frequency (0„m = (£« — Em) /^- The quantity 



Ja 



1 , f'^a-^l 



(5J6) 



denotes the Fermi-Dirac distribution function for state a (a € {m,n} above), ks being the 
Boltzmann constant, /u the chemical potential of the electron system, and T the absolute 
temperature. 



5.3 DFWM response 

The nonlinear current density at -co, which originates in third order effects in the electric 
field, and which is the driving source for the DFWM process is given by 



n^)< 



^TY{pS„J^)}+Tr{pf)7f^}+Tr{p(i7(0)}, 



(5.17) 



as one readily realises from Eqs. (4.7), (5.8), and ( 5.10| ). The tedious calculation of the 
three traces can be carried out in a fashion similar to that used for the linear case, finally 
leading to 



+1 



f . ^P) 7(1) 

Jn — Jm -^-2m,nmJa>,mn 



ih 



(0„ 



2(0 



COw 



+ "=- 



-(1) ^1) 



Jm~Jv , Jn~Jv \ ^-m.nv^-m.vmJm.mn 



0)nv -0)J 4^2 {0)nm " 2(0) ' 



(5.18) 
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-fv 
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Though quite complicated in its appearence the expression for the driving cuiTcnt density 
of the DFWM process is needed in order to understand the near-field phase conjugation 
process from a general point of view.Q Special scattering configurations of course can 
lead to analytical simplifications of the general result. The above result also enables us to 
establish a microscopic theory for DFWM in quantum wells and thin films as described 
in Parts |!| 0, and 



5.4 Physical processes underlying the current densities 



To gain insight into the physics underlying the nonlinear constitutive equation, given 
implicitly in Eqs. ( |5.18 )-( 5!20| ), we next discuss the processes connecting in a nonlocal 
fashion the current density at a given point in space to the field points of the surroundings. 
To facilitate the understanding of the nonlinear response we start by a brief summary of 
the linear response. 



'with respect to the result pubhshed in Andersen and Keller (1998b the last s um in Eq. (5.20) above 
is written in a more compact form than in Eq. (22) of Andersen and Keller (1998 ). The compact form i n 
Eq. (5.2( ) is obtained by exchanging indices v and / in the last three terms of Andersen and Keller (1998 ), 
Eq. (22). A s a consequence of this, the same difference occur between Eqs. ( |6.14| ) and78.23 ) and Eqs. (34) 
and (51) of Andersen and Keller (1998), respectively. 
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(A) 





Figure 5.1: Schematic illustration of the two processes described by the linear response tensor 
The process in diagram A is purely diamagnetic whereas the process in diagram B is purely 
paramagnetic. 



5.4.1 Linear part 

The electrodynamic coupling connecting a source point for the field to an observation 
point for the current density associated to each of the two linear processes underly- 
ing Eqs. (5.14) and ( 5.15[ ) is adequately illustrated in diagrammatic form as shown in 



Fig.^ 



Hence, Fig. 5. 1 A represents a picture of the well known diamagnetic process origi- 



(1) 



nating in the quantity 7_co„„ in Eq. (5.14). In this process, a photon is absorbed at the 



observation point r for the current density. Fig. 5. IB is a picture of the paramagnetic 



-(1) 



process stemming from the term ^_a)„m appearing in Eq. (5.15). In this case, a photon 
is absorbed at space point r', and observation takes place at r. 



5.4.2 Nonlinear part 

In the DFWM process, the coupling between the three source points for the field and the 



observation point for the current density, described in Eqs. (5.18)-(5.20), can be pictured 



in diagrammatic form as shown in Fig. |5^ 



Hence, in Fig. |5.2|.A the mixing process contained in the product ^_2co nmJ(o.mn 



m 



Eq. ( |5.18| ) is illustrated. Here, two photons are simultaneously absorbed at space point 
r", and one photon is emitted at the point of observation r for the current density. 
Fig. ^.B pictures the other mixing process in Eq. ( 5.18| ), namely that associated with 



-(1) 



-(1) 7(1) 



the product ^-ainv^-dvmJaijnn- In this process, one photon is absorbed at r" , another 



and the last one is emitted at r. Fig. 5.2.C gives a view of the mixing process 



from the terms in Eq. ( |5.19| ) containing the product ^Qjl^j-a.mn- I^i this case a photon is 



absorbed and another is emitted simultaneously at space point r', and the third photon is 



absorbed at r. Fig. ^.D shows the other type of mixing process occuring in Eq. ( |5.19| ). 

This process is described by the products ^Lnv^ J>,vmJ l,mn and ^-]l^nv^L]Lj-m,mn- 
Here, photons are absorbed at r' and at the point of observation r, while a photon is 



emitted at r". Fig. 5.2.E represents the diagram for the mixing process appearing in the 



terms containing the product ^ai,L^!l2(o vm 



(2) 



-(1) 



(and the equivalent product .?^_2co ym^a>,nv) 



30 



Part II: Microscopic model for DFWM 





(E) J" 





(G) 



>^ 



r'" 



Figure 5.2: Schematic illustration of the processes underlying the DFWM response tensor In 
this illustration, the solid paths results from the -co terms, and the dotted paths from the +© 
terms. The processes in diagrams A-D include both diamagnetic effects (drawn as circles) and 
paramagnetic effects (lines). The processes in diagrams E-G are purely paramagnetic. The 
standard theory for the DFWM susceptibility (conductivity) is obtained from diagram G in the 
local limit. 



in Eq. ( 5.20|). Here two photons are simultanously absorbed at f" , and one is emitted 
at f' . Fig. 5.2.F is the diagrammatic representation of the terms containing the product 



^QrL^-wvm (^rid the equivalent one ^-J,nv^Qvrr) ^^ Eq. ( |5.20[ ). In these terms a pho- 



ton is absorbed at r' and at the same time one is emitted from there. The last photon 



is absorbed at r". Finally, Fig. |5.2[ G gives a picture of one of six equivalent products 
of the last type appearing in Eq. ( 5.20| ). These are of the form ^a,nv^-J> vi^-J> im '^^ 
equivalent forms (all six possible permutations of one "©"-term and two "—©"-terms). 
Here, a photon is absorbed at r', another at r", and the last photon is emitted at r '". 

At this stage it is fruitful to compare the nonlocal result for the DFWM current density, 
shown in diagrammatic form in Fig. |5.2| , with the commonly used standard (textbook) 
result. In the standard description all diamagnetic effects are neglected from the outset. 



The diamagnetic process is hidden in the diagrams containing a closed loop, cf. Fig. 5. 1 
This means that all the processes depicted in Figs. ^.A- |5^ D are absent in the stan- 
dard description. Omission of diamagnetic effects in the nonlinear optics of quantum 



wells and in mesoscopic near-field optics is known to be dangerous ( [Keller 1996a| ), and 
thus we cannot omit these terms here. We shall substantiate on this point later. Also the 



interaction channels given by the diagrams in Figs. p.4 E and p.2[F are absent in text- 
book formulations. This is so because simultaneous two-photon processes originating 
in the A • A part of the interaction Hamiltonian are left out from the beginning. These 
processes however are known to be important in mesoscopic electrodynamics and can 



not be omitted a priori. In the local limit the result given by the diagram in Fig. 5.2.G 
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is identical to the r • E dipolar interaction Hamiltonian, since a unitary transformation 
of the form S = exp(— iM(?) • r/h) performed on the wave functions and the minimal 
coupling Hamilto nian would display the equivalence of the two formalisms (A ckerhalt 
and Milonni 1984; |Milonni, Cook, and Ackerhalt 19891). 
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Chapter 6 



Conductivity tensors for DFWM response 



In the preceding two chapters, we have found expressions for the phase conjugated field 
and the single-electron current density response. In the present chapter the connection 
between the single-electron current densities [Eqs. ( 5.13 ) and ( |5.17| )] and their related 
conductivity tensors [Eqs. ( p^ and ( |4.10| )] is established. First, the matrix elements 
of the Hamiltonian and the current density operator are written in terms of the vector 
potential. Then the symmetries of the various contributions to the conductivity tensors 
are studied. Finally, the expressions for the nonzero and independent elements of the 
conductivity tensors are written on explicit form. 



6.1 General considerations 



In order to determine (i) the linear conductivity response tensor o{r,r') introduced in 
Eq. ( pr9| ) from the expression for the linear current density in Eq. ( |5.13[ ) [with inser- 
tion of Eqs. ( [5.14 ) and ( 5.15 )], and (ii) the nonlinear conductivity response function 
E(r,r',r",r"') introduced in Eq. (pTC) from the expression for the DFWM current den- 
sity given in Eq. ( |5.17 ) [with Eqs. ( 5.18 )-( 5.20 ) inserted] we by now essentially just need 
to relate the various matrix elements appearing in Eqs. (5.14), (5.15), and ( 5.18| )-(5.20) 
to the vector potential. 

Taking the nm matrix element of the "-co" part of the part of the Hamiltonian which 
is linear in the vector potential one finds on integral form 



^_ 



(1) 



^, 



(1) 



Jmn{r)-A{r)d^r, 



(6.1) 



where we have introduced the transition current density from state m to state n, i.e., 

•(0) 
Jnm 



Jmny ) 



Jmn, in its explicit form, viz. 

eh 



linip 



¥m(r)V^:(r)-<(r)V^„ 



(6.2) 



\|/a {a € {m,n}) being the electronic eigenstate satisfying the unperturbed Schrodinger 



equation .WoVo = "^a^a- From Eq. (5^) we note that Jnm{r) = Jmn(f)- Similarly, the nm 
matrix elements of the "— 2(o" part of the Hamiltonian becomes 

^2 



^ 



(2) 
-lat.nm 



Am. 



-— N*ni^)^rn{7)A{r)-A{r)d'r 



(6.3) 
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on integral form. Next, the matrix elements of the part of the Hamiltonian which is 
proportional to A • A* are given by 



9{, 



(2) ^ e 



Yn{r)^m{r)A{r)-A*{f)d'r. 



Finally, the matrix elements of the current density operator j^^' are found to be 

2 
l-l,nm = jL% = -—Ynir)^mir)A{r)- 



(6.4) 



(6.5) 



The calculation of the DFWM conductivity tensor is finalized in two steps. Thus 



we start by inserting Eqs. (6.1)-(6.5) into the three traces in Eqs. (5.18)-(5.20), and 
thereafter we extract the vector potential in such a manner that the result takes the general 
form given in Eq. ( 4.10D . For convenience, we in the following divide the nonlinear 
conductivity tensor into a sum of subparts A-G referring to the processes (A)-(G) shown 



in Fig. [5.2 . 

Since we aie using the linear response function in the description of the phase conju- 
gated field it is adequate for consistency again to describe the linear process, although 
it is already well known. The calculation is done in a similar manner as for the DFWM 
response, by inserting Eqs. (5J), ( |6!^ and ( |6.5| ) into the two traces in Eqs. ( 5.14 ) and 



(5.15), and thereafter isolating the vector potential so that the result takes the form of 



Eq. (4.9). In the following the linear conductivity tensor is divided into a sum of sub- 



parts A-B referring to the two processes shown in Fig. 5.1. 



6.2 Symmetry properties of the conductivity tensors 

In order to study the symmetries of the various contributions to the conductivity tensors 
a{r,r') and S(r,r',r",r"') one notices that the vector potential only appears via ^^^, 



.(2) 



-(2) 7(1) 



r(i) 



9{'a', Hr' 9{}.', p_^, and j'^' of Eqs. (6.1 ) and (|6.3D-(P-5D. One further observes from 



-(1 



(1) 



Eq. (|6JJ) that the matrix elements of ^_g, and ^co contain inner products between a 

(2) (2) 

transition current density and a vector potential and that those of ^_2(n ^^'^ ^o involve 



inner products between two vector potentials, see Eqs. (6.3) and (6.4). These last inner 
products may conveniently be written in the form 1 : AA and 1 : AA*, respectively. The 
matrix elements of the current densities jij, and jg, are directly proportional to the 
vector potential and may thus for the present purpose adequately be written in the forms 
1 -A and 1 -A*, respectively. 



6.2.1 Linear conductivity tensor 

In the view of the aforementioned remarks it is concluded that part A of the linear con- 



ductivity tensor, given by Eq. (5.14) has the symmetry of the unit tensor 1. Part A thus 
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J (A) (B)L 



• • • 

• • • 

• • • 



Figure 6. 1 : Symmetry schemes for the linear conductivity tensor. Tensor elements labeled with 
a "•" are nonzero, elements labeled with a "•" are zero, and the solid line connect equal nonzero 
elements. 



have 3 nonzero elements. Furthermore, of these 3 nonzero elements only 1 is indepen- 
dent, since the Cartesian index of the linear current density follows that of the vector 
potential appearing in jlj^ , and thus / = / The other part of the linear conductivity ten- 



sor (part B) is extracted from Eq. (5.15), and it shows a symmetry to the outer product 
Ji®J2, where 7i and J2 in general are different, and part B of the linear conductivity 
tensor thus has 9 independent nonzero elements. The symmetry schemes of the linear 



conductivity tensor are shown in Fig. p.l| . 



6.2.2 DFWM conductivity tensor 

Taking our symmetry analysis to the DFWM conductivity tensor we conclude that part 



A, given by the first sum on the right hand side of Eq. ( |5.18| ), has a symmetry given 
by the outer product 1 (g) 1. Part A thus have 9 nonzero elements. Furthermore, since 
the Cartesian index of the DFWM current density follows that of the vector potential 
appearing in j'd;, , / = j in the index notation of Eq. ( [4-.ll[ ). From the form of the ^_2a) 
term we next conclude that k = h. Altogether it is realised that the 9 nonzero elements 
are identical. To get an overview of the conclusion, we show in Fig. |6^A the result in 
terms of a symmetry scheme. 

Utilising the same type of arguments it is concluded that each term in the second sum 



in Eq. ( |5.18| ), which gives rise to part B of the conductivity tensor, when written in the 
form of Eq. (Ill) has a symmetry identical to the outer product 1 (g)7i 0/2. where J\ and 



J2 are two generally different transition current densities. The form of this outer product 



leaves us with 27 nonzero elements. Also here the coordinate convention of Eq. ( |4.1lD 
implies that / = j. Furthermore we observe that elements with / = x, i = y, and / = z 
are identical, since the two ^^,1 terms essentially produces numbers. Finally, we see 

that the independent nature of the two ^^^ terms makes them interchangeable, and thus 
gives us two different ways of constructing the sum in Eq. ( [4.11[ ). Of the 27 nonzero 
elements only 9 are independent, since as we have realised, S^^;, = "E^y^j^ = S^,^;, for all 
permutations of k and h in the three Cartesian coordinates {x,y,z}- Expressed in terms 
of a symmetry scheme, the deductions above lead to the symmetry scheme shown in 



Fig. 6.2.B 



The first sum in Eq. ( |5.19D gives rise to part C of the DFWM conductivity tensor, and 
the second sum in this equation leads to part D. Looking at the first sum it appears that 
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Figure 6.2: The symmetry schemes for parts A-F of the DFWM conductivity tensor in their 
most general spin-less forms. Tensor elements labeled with a "•" are nonzero, elements labeled 
with a "•" are zero, and the solid lines connect nonzero elements of equal magnitude. 
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Conductivity Tensor symmetry 





t^{rj',r\r"') 1(g) 1 

S^(r,r',r",r"') l^h^Ji 

E°(r,r',r",r'") ^a «> /i «> ^2 ® 4 

Z^{r,f',r",r"') /i 01072 

Z^{r,r',f",r'") Ji(^J2®h®h 

Table 6.1: The tensor symmetries of the various parts A-B of the linear, and A-G of the DFWM 
conductivity. As explained in the text, J\-Ja are four in general different vectors obtained by a 
weighted superposition of single-particle transition current densities, and ca = A/ A. 



this is proportional to (1 : AA*)A, a fact which in relation to the form given in Eq. ( |4.11 ) 



implies that the symmetry of the conductivity tensor is given by the outer product eA (g 
l0eA, with ca = A/ A. This product form leaves us with 9 nonzero elements. As far 
as the Cartesian indices are concerned the above symmetry implies that j = h and / = k. 
Finally we observe that the same constant appears in front of the vector potential indexed 
k. This leads to the conclusion that the cases / = x, i = y, and / = z are equal, leaving at 
the end only one independent nonzero element of part C of the conductivity tensor. The 



symmetry scheme for part C is shown in Fig. 6.2.C. 



In the second sum of Eq. (5.19) the symmetry is proportional to the outer product 



eA ®J\(i^J2®eA and thus we are left with 27 nonzero elements. Then, in the form of 



Eq. ( |4.1lD , / = h, and the permutations over / are seen to be equal, so that we end up with 
only 9 independent elements. Using the fact that E^j.^ = EjJ'., = E^.^,^ one obtains the 



symmetry scheme shown in Fig. 6.2.D. 



Let us now take a closer look at the third trace in Eq. (5.2C ). It is convenient to split the 



first sum in this equation into two parts related to the two different processes that occur. 
The first part of the sum, which refers to the 9{_2^^^^9{(j:,l,,n-type of terms, gives rise to 



part E of the third order conductivity tensor corresponding to process (E) of Fig. p. 2 . 
The second part of the first sum is related to part F of the third order conductivity tensor 
[process (F) of Fig. 5^|. Finally, the second sum on the right side of Eq. ( 5.20| ) produces 



part G of the third order conductivity tensor, corresponding to process (G) of Fig. p^ . 

The first part of the first sum, in relation to the representation in Eq. ( [4.1 1[ ), has a 
symmetry which can be represented by the outer product 7i g) 1 072, leaving 27 nonzero 

(21 

elements. From the term ^_2g^, we see that k = hm the chosen representation of coordi- 
nate sets, and furthermore we realise that elements with k = x,k = y, and ^ = z are equal. 
These deductions reduce the number of independent nonzero elements to 9, which ful- 
fills Ef- = Zfj = Zfj^^ for all permutations of / and j in the three Cartesian coordinates 
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{x,y,z}- The result is shown on schematic form in terms of the symmetry scheme in 
Fig.l^E. 



In the second part of the first sum in Eq. ( p.20| ) we observe that the symmetry of 
part F of the conductivity tensor, in relation to the form of Eq. ( [4.11| ), is proportional 
to the outer product 7i (X'/2 (8 1, again leaving 27 nonzero elements. Due to the chosen 

(2) 

convention of the coordinate sets, we realise from the 9{q ' term that the condition k = j 
applies. We furthermore notice from this that terms with j = x, j = y, and j = z are 
equal, leaving 9 independent nonzero elements related by S?^^ = S? , = S?^^ for all 
permutations of / and h in the three Cartesian coordinates {x,y,z}. This means that the 
symmetry scheme is as shown in Fig. |6.2[ F. 

Part G of the third order conductivity tensor, which originates in the second sum in 
Eq. ( 5.20| ), obviously has the tensor form /i (8)72 (8)^ (8)74, and there will hence in general 



be 8 1 independent nonzero elements in the associated symmetry scheme. 

The considerations laying the foundations for the symmetry schemes of the various 



parts of the linear and nonlinear conductivity tensors are displayed in Tab. |6J|, where the 
relevant combinations of 7's and I's are given. 



6.3 Expressions for the conductivity tensors 

We end this chapter by giving the explicit expressions for the independent tensor ele- 
ments of o{r,r') and E{r,r',r",f"'). Thus, the only independent tensor element in part 
A of the linear conductivity tensor is 

o^{7,r') = ^f^£/„|^„|25(F-r'), (6.6) 

and the nine independent elements of part B are 

The only independent tensor element in part A of the third order conductivity tensor thus 
is 

(0^ 8m^n^(0„,„-2(0 
x5(r-r')8(r"-r"'), (6.8) 

and the nine independent elements of part B are 

^B /- -! -II -iii\ 2i e ■^ 1 / /„, — jv /„ — jy 

0)3 4m, h^ f^^ (0,™ - 2(0 V Wvm - CO (0„v - (0 

x7A,vn(r'")4,Mv(^")¥;(^)¥«(^)5(r-r'). (6.9) 



Chapter 6: Conductivity tensors for DFWM response 



39 



The only independent nonzero element of part C of the third order conductivity tensor is 
given by 



H [r r r r 



®^4m2;i,^ &nm 



-Yn{r)^m{7')^Ur)^n{7] 



x5(r — r ')5(r — r ), 



(6.10) 



and the nine independent nonzero elements of part D of the third order conductivity 
tensor are 



T7D 



^u f-> -./ ->n ->iii\ 



2i e^ 



1 



0)3 4me/i2 ^^, ©„„, 



+ ^3 ^ ]Jj,vn[r )Jk,mv[r ) 



CO, 



CO CO„v + CO 



^COv,„ + CO CO„v-COy ' ^ ^ ■/ ^ ^J '"^ ^ 
The nine independent elements of part E have the explicit form 

"E /^ ^1 -^11 -^lll\ 2l ^ 
H . . irr r r ^ — 



(6.11) 
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7,- ^,(rON/:(r")¥v(r") /^.(r )5(r" - r 



, CO„v — 2C0 Cbvm + (0 

and the nine independent elements of part F of the third order conductivity tensor are 

2i e^ 



(6.12) 
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nmv ^nm C 
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COv 
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(6.13) 



Finally, the eighty-one independent elements of part G of the third order conductivity 
tensor are given by 



^G {-> ->/ -'" -'/ii\ 



2i_J_^ 

C03 8^13 L (^ 
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I I Jl Jv Jn Jv 
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Jl Jm Jl Jv 
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The number 2 appearing in the first fraction of each part of the conductivity tensors 
represents the degeneracy of the spin energies, thus giving two electrons in each energy 
eigenstate. 



Chapter 7 



Discussion 



In Chapters ^-^ we have estabUshed a spatially nonlocal theoretical model for optical 
phase conjugation in mesoscopic media. The comparison to the existing (local) descrip- 
tions of the degenerate four-wave mixing response can be made by taking the local limit 
of our nonlocal response tensor and abandoning the contributions stemming from the 
microscopic current density of first order in A. 

In the local limit, the amplitudes of the interacting vector potentials are assumed not 
to vary with the spatial coordinates, and thus the expressions for the nonlocal DFWM 
conductivity tensor can be integrated over the r'", r", and r' spaces to obtain the local 
DFWM conductivity tensor, i.e., 

S(r) = fffEir,r',r",f"')d\'"d\"d\'. (7.1) 

Using an orthogonal set of wave equations, parity teaches 

Yn(r)^mir)d^r = 5n,n, (7.2) 



where 5„m is the Kronecker delta. The integrals over the current densities gives zero if 
the two quantum numbers are identical, otherwise they depend on the individual wave 
functions. The consequences are the following: (i) Integration over the spatial coordi- 
nates r'" and r" in Eq. (Ob gives n = m, and thus /„ = /„, such that part A of the 



DFWM conductivity tensor vanish, (ii) In part C, given by Eq. ( |6. lOj ), the effect is sim- 
ilar, but is here obtained after integration over r'", r", and r'. (iii) In part E, integration 



over r'" and r" in Eq. ( 6.12 ) makes two terms disappear immediately, and an inspection 
of the remaining two terms shows that they are of equal magnitude, but with opposite 
sign, ultimately cancelling the rest of part E. (iv) In part F, integration over r '" and r ' in 



Eq. ( 6.13| ) gives a result similar in consequences as for part E. Thus, parts A, C, E, and F 



of the DFWM conductivity tensor are inherently nonlocal, while parts B, D, and G also 
contributes to the response in the local limit. 

Abandoning parts B and D of the DFWM conductivity tensor because they are based 
on the response of the microscopic current density of first order in A, we conclude that 
only the local contribution from part G is included in the previous descriptions of the 
DFWM response (Bloembergen, Lotem, and Lynch Jr. 1978), as postulated on page ^. 
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The single-electron model for degenerate four-wave mixing established in the previ- 
ous chapters can be used to study the four-wave mixing response from a number of dif- 
ferent materials. For example, one could study (i) systems built from molecules or atoms 
with no electronic overlap (dielectrics), in which case the response from each molecule 
(atom) can be found separately. The coupling between the individual molecules would 
then be described using electromagnetic propagators. Another approach (ii) can be taken 
for studies of the response from metals, where a number of electrons from each ion in 
the metallic structure is shared with the other ions in a free-electron-like cloud, or (iii) 
one could study semiconductors, in which the behaviour of the electrons are strongly 
coupled. 

In the present work, we will concentrate on the metallic case, and we proceed to 
give a simplified description of potential interest for DFWM in mesoscopic films and in 
near-field optics. 



Part III 



Degenerate four- wave mixing 
in quantum well structures 
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Chapter 8 



DFWM in two-dimensionally translational invariant media 

After having established and analyzed the DFWM conductivity response in its most gen- 
eral form we now turn the attention towards the specific case in which the medium under 
consideration effectively exhibits translational invariance in two directions, say x and y 
in a Cartesian {x,y,z.) coordinate system. We study such a case because it appears to 
be of particular importance for optical phase conjugation (i) in mesoscopic films (quan- 
tum wells), and (ii) related to evanescent waves in near-field optics. In neither of these 
cases a microscopic theory exists today to our knowledge. For mesoscopic films the 
dynamics perpendicular to the film plane (here, the x-y-p\ane) has to be treated from a 
microscopic nonlocal point of view, whereas the dynamics in the plane of the film often 
is well modelled by a local conductivity (dielectric) function. In the following we as- 
sume for simplicity that the electron motion in the plane of the film is free-electron-like. 
It is possible to replace the free-electron-like behaviour with extended B loch-function 
(or tight-binding) dynamics if necessary but we shall not do this here, since after all, 
in the local limit only matrix elements are changed in the oscillator model when the 
free-electron dynamics is replaced by a more complicated one. In the optical near- 
field case where evanescent waves with extremely small penetration depths in say the 
z-direction appear, it is crucial to keep the microscopic dynamics perpendicular to the 
surface of the phase conjugating mirror when calculating the DFWM response. So far, 
four-wave mixing in media with two-dimensional translational invariance has only been 
studied in the context of pha se conjugation of electromagnetic surface waves (F ukui, 



Sipe, So, and Stegeman 1978; Ujihara 1982a, 1982b), and of a bulk wave by surface 



waves (Zel'dovich, Pilipetskii, Sudarkin, and Shkunov 1980|; [Ujihara 1983; Stegeman 



and Karaguleff 1983; [Nunzi and Ricard 1984|; M amaev, MeFnikov, Pilipetskii, Su 



darkin, and Shkunov 1984; Mukhin, Pilipetskii, Sudarkin, and Ushakov 1985; Arutyun- 
yan and Dzhotyan 1987; f^ilipetskii, Sudarkin, and Ushakov 1987 ). In these investiga- 



tions macroscopic approaches was used. 



8.1 General DFWM response 



The assumed two-dimensional translational invariance against displacements parallel to 
the x-y-pla.ne makes it natural to express the various vector and tensor quantities in a 
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mixed Fourier representation. Thus, by a Fourier analysis in the x- and ^-coordinates, 
the vector potential is 

A(z,n|) = ^ j A{z;q\OS\\''\\d'q\\, (8.1) 

where ^n = {qx,qy,0) and f\\ = {x,y,0). Likewise, the inverse relation reads for the 
current density of order a and hnear in the cyclic frequency co 

J^"l{z;m) = //!«j(z,r|,)e-'5irnj2 (8.2) 



II 
In the mixed Fourier representation the relevant constitutive relations takes the form 

J^-l{z-,q\\)=mja{z,^-q\\)-A{z'-,q\\)dz!, (8.3) 

•/-coU;^||) = 7^^y ■■■ j ^{Z,Z,Z ,Z ■,q\\,qpq\\,q^\ ) 

: 7/ '" —iii\~At II -'II \7*/ I —i\j2 III ji II j2 I J III J II J I i-o A\ 

■.A(z ;^j| )A{z ;^|| )A (z ,qpd ^y d q^^^d q^^dz dz dz ■ (8.4) 

Due to the manner in which the nonlinear conductivity response tensor was constructed 
in Chapter ||, the various components parallel to the x-y-plane are not completely inde- 
pendent but satisfy the momentum conservation criterion 

^ll" + ?^' - ^11 - ?|| = 0- (8-5) 



In passing we stress again that Eq. < p^ is not an extra condition put on the dynamics, 
the equation is derived from the general theory [see Appendix ^. To study the phase 
conjugated response originating in the mixing of three incoming waves one must choose 
for the fields of the two pump waves, denoted by (1) and (2), the vector potentials with 



the double and triple primes in Eq. (8^). The incoming probe field [indexed (p)] is 



represented via the vector potential with the single prime. 



8.2 Phase conjugation DFWM response 

So far, we have not utilized the translational invariance condition on the properties of 
the medium. We do this first indirectly by assuming that each of the three incoming 
electromagnetic fields contains only one plane-wave component parallel to the x-y-plane. 
Further limiting our study to the case where the DFWM response becomes the phase 
conjugated response, i.e., the wavevector of the response must be counterpropagating to 
the probe field, conservation of pseudomomentum requires that the two pump fields are 
counterpropagating. Thus we take for the pump fields 

A{z"';qll')^A{z"';-k\\)5{qll' + k\\), (8.6) 

A{z";qll)^A{z";kii)Hqll-^), (8.7) 
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where k\\ is the common wavevector for the two pump fields. With these substitutions we 
can perform the integrals over q'« and q'!, in Eq. (8.4), and the conservation of pseudo- 



momentum is reduced from its general degenerate four-wave mixing form, q',!' + q',! 



q',, — q\\ = 0, to q[, +q\\ = 0. This allows us also to solve the integral over d, in Eq. (8.4). 
In relation to the conventional theory of three-dimensional (bulk) phase conjugation, 
the relation qi, +q» =0 expresses the fact that the two-dimensional wavevector q» of the 
phase conjugated field is equal in magnitude to the two-dimensional probe wavevector 
iq'n) but points in the opposite direction. Using the aforementioned criteria, the nonlinear 
constitutive equation is reduced to the form 

J-ia{z;q\\) = 72^y ] J ■^U'Z '^ 'Z 'Ihh) 

]Aiz'''\-kii)Aiz''-,kii)A*{z';-qii)dz'''dz''dz' + It, (8.8) 

where appropriate integration over q',!', q',!, and q'u has been performed. The term "i.t." 
denotes the so-called "interchanged term". This term is obtained from the first one by 
interchanging the two pump fields. The reason that such a term has to be added arises 
from the fact that each of the vector potentials basically consists of a sum of all three 
incoming fields, and that the phase conjugated term from the product of the three vector 
potentials thus must include both permutations of the pump fields. The new phase con- 
jugation DFWM (PCDFWM) conductivity tensor appearing after integration over q!!', 

q'u, and qi is denoted E{z,z' ,z" ,z"';q\\,k\\). 

In order to calculate the nonlinear conductivity tensor E(z,z',z",z"'',q\\,k\\) in the 
mixed Fourier representation [as well as the linear one, d{z,z'',q\\)], we begin by look- 
ing at the energy eigenstates for the light-unperturbed Schrodinger equation. Hence, 
since the potential energy of the individual electrons is independent of x and y, i.e., 
V{r) = V{z) under our translational invariance assumption, the basis set may be taken 
in the generic form 

Mz,r\\) = ¥«,K|| (z>ni) = ^V«(z)^'^""" (8-9) 

where iC|| = (Kv,Kv,0) is the wavevector describing the free-particle motion perpen- 
dicular to the z-direction. For a medium of macroscopic extension in the x- and y- 
directions, the set of wavevectors commonly denoted by iC|| forms a two-dimensional 
quasi-continuum. Albeit the index n in the wave function \|/„(z,r||) stands for a triple set 
of quantum numbers we also use this index to classify the various wave function parts, 
\|/„(z), belonging to the single indexed z-dynamics. In a readily understandable notation 



the energy eigenstates, £„, associated with the generic solution in Eq. (8.9) is 



fa 
^e„ + ^|K|||2, (8.10) 
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where we have introduced £„ as the energy of state n in the solution dependent on the 
z-coordinate only. In the view of the abovementioned considerations the cyclic transition 
frequency becomes 



(0« 



£« ^m ~r 






'||,nl 



'■||,ml 



') 



(8.11) 



in a notation where adequate subscripts h and m have been put on the wavevectors. In 
abbreviated form the complex transition frequency, which includes the relaxation time, 
is for the sake of the following analysis written in the form 



Cmn — K'nm('^||,«)1^||, 



(8.12) 



omitting the reference to £„ and £„,, since this is already impUcitly given by the nm 
subscript. The Fermi-Dirac distribution function we also present in an abbreviated form, 
viz. 



Jny^nj — Jn I ^ji ~r ' 



t9-K\ 



\fi 



Im. 



= fn{\n)- 



(8.13) 



By inserting the generic solution in Eq. (S.9) into the expression for the transition current 



density in Eq. (p.2|), we obtain 
eh 1 



Jmny } 



linif. (27l)^ 






.i(K||.m- 



dz 



1 



(27i: 



-^]mn[Z',K\\^m +K|| jjje 



dz 



i(l<||,,r,-K||,s)-''|| 



(8.14) 



where for convenience we have defined a new transition current density imn{z',yi\\,m + 
iC|| ji) to separate out the dependence on the Cartesian coordinates f\\. For the various 
Cartesian components of this current density, we use the notation ji,nm{z','vi\\^m + '^||,/i)> 
i^{x,y,z}. 



8.3 Conductivity tensors 

The explicit expression for the phase conjugation degenerate four-wave mixing (PCD- 
FWM) conductivity tensor 'E.{z,z! ,z!' ^z!" ;q\\Ji\\) is calculated by insertion of (i) the so- 
lutions to the time-independent Schrodinger equation given in Eq. (B.9), (ii) the Fourier 



representation of the vector potential given by Eq. (|8JJ), and (iii) the new form of the 



transition current given in Eq. (8.14) into the nonlinear DFWM constitutive relation 



in Eq. (4. IC) with the phase conjugation conductivity tensor in real space given by 
Eqs. (5.8)-( |6.l"4 ), and thereafter inserting the outcome of these steps into the expres- 



sion for the nonlinear current density in the mixed Fourier representation in Eq. (8.2). 
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Finally, we perform the integrals over the two dimensions {x and y) in real space and 
over relevant sets of icy -states. Altogether we are left with an expression on the form of 
Eq. (8^). For the processes in Figs. 5A and ^^, the abovementioned calculations are 
supplied in Appendix ^, where also the general DFWM conductivity tensors are given. 
The nonzero element of the linear conductivity tensor part A become 

<iz,z';^) = |£(^E//«(^I|)^'i^I|Iv«(^)|'8(z-z'), (8-15) 

and the nine nonzero elements of part B are 






(0^(271)2^7 a),™(K||+^||,K||)-CO 
XjV.mn(z';2iC|| +5||)j,>m(z;2iC|| +^||)cf^K||. (8.16) 

The nonzero element of the PCDFWM conductivity tensor part A are 

4 1 o ■ 

E^^{z,z',z",z"';qii,k\\) = ^^-^--^-^Y,^i{z")y\fm{z")yvUz)Mz) 

J (0,™(K||,K||)-2a) 
and the nine nonzero elements of part B become 

^lckh{z,Z,z",z"';qi\,k\\) = 4j^/,2 (271)2 ^ L Ymiz)^n{zMz-z) 

1 /^/m(K||)-/v(K||+^||) /„(iC||)-/v(iCj|+^||)^ 



Wnm(K||,K||)-2(0 \^CC)„„(iC|| +^|| ,iC|[) - (0 G)„v(iC|| ,iC|| +^|| ) - (Oy 

X7Vv«(z"';2iC|| +^||)7^,„,(z";2iC|| +^||)J2k||. (8.18) 

In part C of the nonlinear conductivity tensor the nonzero element is 

4 1 Oi 

S^,„(z,z',z",z"';^l|,^ll) = -l^-^--^ — '£Y^{z')^f^{z')\fJz)^fn{z) 
x5(z'-z'")8(z-z") r i!!^^lzll±$lzl!!!^,2 ^,,,^ 

J G)„,„(K||-/:||+^||,K||) 
and the nine nonzero tensor elements in part D become 

^%Az,z,z",z";qi\,k\l) = 4^j2%}^-^L'^*m{z)'<Vn{z)5iz-z") 



I 



1 j //m(K||)-/v(K||+^|| 



«)nm(K|| +^|| +?i|,Kj|) [ \©vm(K|| + ^|| ,iC||) - (0 
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/„(K||+/:||+^||)-/,(K||+^||) ^ . w,-,^,r^^v ///ori^r 

H TZ ^ Z ^h Jj-vniz ;2K|| +2^11 +q\\)]k.mv{z ;2Ki| +^|i 

(0„v(K||+^||+^||,K||+^||)+(Oy 

/ /m(K||)-/v(K||+^||) /„(K|| +^|| +^||) -/v(K|| +5||)^ 



yG)v™(K|| +^||,K||) +(0 cC,„^(k|| +^|| +^||,K|| +5||) -co/ 
X7/t,vn(z";2Kj| +^|| +2q\\)ii.mv{z\lK\\ +5||)|(i^K||. 

The nonlinear conductivity tensor part E has the nine nonzero elements 

■/m(K||)-/v(K||) /„(iC||+^||)-/v(iC||) 



(8.20) 



+ 



cbvm (iC|| , iC|[ ) - 2(0 cc)„v (K|| + ^11 , iC[| ) + (0 



|j-(0 

jy,v„(z';2iC||+^llX(z")\^,„(z") 



7m(K||)-/v(K||+^||) /„(iC||+^||)-/v(iC||+g||) 



^a)vm(K|| +5||,iC||) + (0 CC)„v(K|| +?||,K|| +^||) -2(0^ 
X7V.mv(z^2iC[| +^||)\|/;(z'0\|/v(z'0|7,>m(z;2K|| +^||)^^K||. 

MM J ' II II II 

Part F also has nine nonzero elements, which are 

e^ 1 2i ^ ^, , ,„, f 1 



(8.21) 



^ixxh{Z,z ,z ,z ,q\\,kii) 



■I5(z'. 



8m^/i2 (27i)2 0)3 ^^ J a),™(iC||+^||,iC||)-(o 

/m(K||)-/v(K||-^||+5||) /„(iC||+^||)-/v(K||-^||+^||)\ 



+ ■ 



[y avm(K|| -^||+^||,K||) a„v(K||+^||,K|| -^||+?||)-C0^ 

XjVv«(z";2iC|| -^11 +^||)\|/*(z')¥m(z') 

/ /m(K||)-/v(K||+^||) /„(iC|| +5||) -/,(iC|| +^||)^ 



^a)vm(K||+^||,K||)-CO a)„v(K||+^||,K||+^||) / 

X7Xmv(z";2K|| +^||)\^;(z')¥v(zO}j<>m(z;2K|| +^||)6?^K||. (8.22) 

Finally, the PCDFWM conductivity tensor part G has the eightyone nonzero elements 

^,j,,[Z,Z,Z ,Z ,^||,/C||J 3^3^271)2 0)3 2-^ 7 «„„(K[|+^|,,K||)-a) 
'//(K||-^||)-/m(K||) /;(iC||-^i|)-/v(iC||)\ 1 



+ 



G)/,„(iC||-^||,iC||)-(0 G)v/(iC||,iC||-fc||)-(0/ G)vm(K||,iCj|) -2© 

^ / //(K||-^ll)-/v(iC||) ^ /„(i<||+^||)-/,(ic||)^ 1 



^©v/(K||,K|| -^||)-C0 a)m.(K||+5||,K||)+(0y ©„,(iC|| + ^|| ,iC[| - /ry 

X7'A,'n/(z'";2iC|| -/:||)jj;7v(z";2k|| -/:||)j;>,(z';2iC[| +^||) 



+ 



/,(iC||-^ll)-/,„(iC||) /,(iC||-^||)-/v(iC||-l||+^|| 



+ 



^©;„(iC|| -k\\,K\\)-0) CC)v/(K|| - ^|| + 5|| ,K|| - ^||) + (0^ 
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1 



■ + 



+ 



/;(iC||-^||)-/,(iC||-^||+g||) 
a)vm(K|| -^11 +?|hK||) \a)v/(K|| -^11 +^||,K|| -^||) +C0 

/„(iC||+5||)-/„(iC||-^ll+^ll)\ 1 



G),n,(iC|| +5||,iC|| -^11 +^||) -coy G)„/(iC|| +^||,iCj| -^11 
XJh,niliz";2Kii -kii)jk.yn{z";2'Kii - ^|| + 2^||)7^yv(z'; 2iC|| -2^|| +^||) 



+ 



//(K||+?||)-/m(K||) , //(K||+^||)-/v(K||-^||+^||; 



■ + 



&lm (K|| + ^11 , K|| ) + (0 CO,., (iC|[ - ^11 + ^11 , iC|| + ^11 



■ + 



+ 



/?(i^||+^||)-/v(i^||-^||+^||) 

a)v,m(iC||-^|t+^||,iC||) ■ \Giyi{K\\-k\\+qi\,K\\+q\\)-(0 
fn{^+q\\)-fv{K\\-k\\+q\\)\ 1 



cc),„,(iC|| +5||,iC|| -A:|| +5||) -coy G)„/(K|| +^||,K|| +^||) - 2(0 
X7ft,/v(z"';2iC|| -^11 +2^||)7lvn(z";2iC|| -^y +2^||)7^>rf(z';2iC|| +^||)} 

In Eqs. ( |8.15| )-( |833| ) above we have dropped the now superfluous index on icn 



(8.23) 



8.4 Phase conjugated field 

After having sketched the calculation of the nonlinear DFWM response we turn our 
attention to the phase conjugated electric field. In the present case where the main parts 
of the interaction takes place in very small interaction volumes, we can expect that the 
generated phase conjugated field does not affect the dynamics of the pump and probe 
fields much, and thus take the parametric approximation. 



Then the loop equation in Eq. (4.17) is reduced to the single-coordinate form in the 



two-dimensional phase matching case (Keller 1996a) 



£pc(z;^ll,(o)=£pc(z;?l|,(o) 

-i^uoCO / G{z,z''-,q\\,(i)) -aiz'' ,z'-,q\\,(iy) ■ Epciz'-,q\\,(i))dz''dz' 



(8.24) 



possibly with G{z,z"',q\\,Oi) replaced b y Go(z,z";^||,co). In the quantum- wel l case the 
explicit form of G(z,z";^||,co) is known ( Bagchi, Barrera, and Rajagopal 1979 ), and also 
Go{z,z"',q\\,(i)), adequate in near-field optics, is of course known. For few (one, two, 
three, . . . )-level quantum wells several schemes exist for the handling of the integral 



equation problem in Eq. (S.24), cf., e.g., Keller (1996a). The only factor which in the 
parametric approximation makes the DFWM loop problem different from those hitherto 
investigated is the background field. In the present case this is given by 



Epc{z;q\\,(o) = -mdij G{z,z;q\\,(o)-jJl{z';q\\,(i))dz', 



(8.25) 
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with JlJy{z'',q\\,Oi) taken from Eq. ( |8^) in the case of simple two-dimensional plane- 
wave mixing, or in general from Eg. (|8.4|). 

In the quantum well case, the pseudo-vacuum propagator G{z, z"', q\\ , CO) can be written 
as a sum of three terms 

G{z,z;q\\,(o)=D{z-z;q\\,(o) + 7{z + z;q\\,(o) + g{z-z';(o), (8.26) 

where the first two are named after the processes they describe. Thus the term D{z — 
z'',q\\ , (o) describes the direct propagation of the electromagnetic field from a source point 
at z' to the observation point at z- It is given by 

D{z - z';q\\ , (O) = -—. [?v (S> Cy + 0(z - z')ei (g) ?,• + 0(z' - z)e, (g) eJ . (8.27) 

" 2iq^ L . . 

The indirect term, I{z+z'',q\\,(ii), describes the propagation from the source point of the 
part of the electromagnetic field that is going to the point of observation via the surface 
of the bulk medium. The expression for the indirect term reads 

g-i(?±(z+z') 

I (z + z';^|| ,(0) = -—. [fey^ey + r^'e, «>?,•] . (8.28) 

Finally, the self-field term characterizes the field generated at the observation point by 
the current density at the same point. The self-field part of the propagator is given by 

'§{z-z!;Gi)=q-^h{z-^)e,®e,, (8.29) 

where q = co/cq is the vacuum wavenumber. In the above equations, ^x = W' ~ "^nI > 
et = q^^{q^,0,—q\\), and Cr = q^^{—q^,0,—q\\), taking q\\ = q\\ex- The quantities r* 
and rP are the amplitude reflection coefficients of the vacuum/substrate interface in the 
absence of the quantum well. In general these are functions of ^n. The appropriate 



propagators for a single quantum well system are shown in Fig. 8.1. 
8.5 Some limits of the PCDFWM conductivity tensor 

8.5.1 Local limit in the z-coordinates 

In the local limit the three interacting fields are independent of the z-coordinate, and thus 
we may calculate the local PCDFWM response tensor as 



S(z;^l|,fc||) = // / E(z,z',z",z"';^||,^||)^z"'^z"^z'. (8.30) 

Since the dependence on the three coordinates z'" , z" , and z' are fairly simple we may 



draw some conclusions directly from looking at Eqs. (|8.17| )-( |8.23| ). Using an orthogonal 
set of wave functions, parity teaches 

¥«(z)¥m(z)^z = 5„,„, (8.31) 
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Figure 8.1: The propagators appearing in the calculation of the phase conjugated field in the 
system we consider in this communication. The system consists of a three layer thin film struc- 
ture, namely vacuum, film (quantum well, extending from to —d) and substrate (crosshatched). 
In the vacuum may be placed different kinds of sources, e.g., a quantum wire with its axis along 
the y-direction (shown as a dot). In Fig. (a) the propagation of the electromagnetic field from 
a source point r ' inside the quantum well to an observation point r outside the quantum well is 
shown, while in (b) the propagation of the electromagnetic field is illustrated in the case where 
both source and observation point are inside the quantum well. D is the propagation path de- 
scribed by the direct propagator, / is the propagation path described by the indirect propagator, 
and g denotes the self-field action propagator In the center of the figure is shown the Cartesian 
coordinate system used in our calculations. 



where 8„m is the Kronecker delta. By inspection of Eq. ( ^.14 ), this is the type of integral 
appearing when considering the x and y coordinates of this current density. 

Then we may conclude that (i) the only independent element of part A of the PCD- 
FWM conductivity tensor is zero in the local limit, since the two Fermi-Dirac distribution 
functions in Eq. ( |8.17 ) becomes identical for n = m. This occurs when taking the local 
limit in the coordinate z" ■ In addition, (ii) the five independent elements of part E of the 
PCDFWM conductivity tensor also becomes zero, since the two pure interband terms are 
zero by themselves, and the two other terms are of the same magnitude but with opposite 
sign. This occurs when taking the local limit in the coordinates t!" and z". Furthermore, 
(iii) for part G of the PCDFWM conductivity tensor, elements with the Cartesian index 
/ = z and the other indices different from z becomes zero, since the other indices implies 
that all quantum numbers in the summation become identical. Finally, (iv) the only in- 
dependent element of part C of the PCDFWM conductivity tensor is reduced to a pure 
intraband contribution. The same reduction appears in tensor elements of parts D, F, 
and G with no Cartesian coordinate index z in indices jk, ih, and ijkh, respectively. In 
part B of the PCDFWM conductivity tensor, the elements with no Cartesian index z in 
kh apparantly gives the same result, but the following integration over icn makes them 



vanish. These conclusions are shown in the form of symmetry schemes in Fig. ^ 
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Figure 8.2: Symmetry schemes for the PCDFWM conductivity tensor parts B, D, F, and G in 
(i) the local limit in the z coordinates, and (ii) the single level quantum well case. In the local 
limit, tensor elements labeled with a "•" gives nonzero mixed interband/intraband contributions, 
elements labeled with a "o" gives nonzero pure intraband contributions, and elements labeled 
with a "•" are zero. In the single level quantum well case, only elements labeled with a "o" 
contributes to the solution. The solid lines connect equal nonzero elements. 



8.5.2 Local limit along the surface 

Taking the local limit along the surface coordinates, the wavenumbers are considered 
to be much less than the Fermi wavenumber, i.e., we take the limit where ^|| — > and 
^11 -^ (the dipole hmit). 



Then from Eq. ( 8.11 ) we observe that the transition frequencies become independent 
of iC||, and thus we conclude that this approximation makes the integration over iC|| par- 
ticularly simple in the low temperature limit, since no integration variables appears in 
any of the denominators in Eqs. ( |8.17 )-( j.23). We further observe that only interband 
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contributions are left compared to the full description. 

8.5.3 Local limit in three coordinates 

Locality in all three coordinates is achieved by a combination of the two Umits mentioned 



in Sees. |8.5.1| and |8.5.2| above. Thus, in this limit (i) parts A and E of the DFWM 
conductivity tensor does not contribute for the same reasons as before. Furthermore (ii) 
the integration over z' in part C makes this part vanish, (iii) the integration over z! in part 
F of the DFWM conductivity tensor cancels two terms, and the other two are of the same 
magnitude, but with opposite signs, resulting in the fact that part F does not contribute to 
the response in this limit. Finally (iv), all purely intraband contributing tensor elements 
found in the local limit vanish. All in all we are left with five independent nonzero 
elements of parts B and D, and fiftyseven independent nonzero elements of G, all labeled 



with a "•" in Fig. 8.2 



8.5.4 Single level quantum well 



A substantial simplification of Eqs. (B.17)-(8.23) occur in one special case, namely in 



the case where the thin film is a single level quantum well in the z-direction. In the single 
level quantum well, the summation indices are all equal to 1. 



Special attention is in this case devoted to the current density defined in Eq. ( |8.14| ), 
which in a single level quantum well is reduced to 

ih.n{z;Kh) = -- — (5fo + 6/,v)Kft|\|/i(z)p, (8.32) 

znie 

for h E {x, j}, since the z-dependent part vanish for any n = m. This observation leads 
to a drastic reduction of the number of contributing elements in most of the symmetry 
schemes associated with the occuring processes. 

The only nonzero element in part A of the nonlinear conductivity tensor vanish for 
n = m.ln part B of the conductivity tensor all elements with kor h equal to z vanish for 
n = m = v, and the rest of the elements vanish by integration over iC||. The only nonzero 
element of part C of the nonlinear conductivity tensor is conserved, but simplified. Part 
D of the nonlinear conductivity tensor is reduced somewhat, since either combination of 
j = zor k = z gives zero. Then we are left with four nonzero independent elements, as 



shown in Fig. |8.2[ D. Part E does not give any contributions to the intraband transitions, 
since two terms in the sum gives no intraband contributions in general, and the other two 
terms cancel each other. Part F is reduced in a manner similar to parts B and D, since 
any combination of i = z or h = z gives zero. The resulting four nonzero independent 
elements are shown in Fig. |8.2[F. In the last part (G) of the nonlinear conductivity tensor 



any combination of i = z, j = z, k = z, or h = z gives zero. As a consequence of this rather 



drastic reduction we are left with sixteen nonzero elements, as shown in Fig. S.2.G. 
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Chapter 9 



Polarized light in the x-z-plane 



Restricting ourselves to consider light propagating in the x-z-plane, which furthermore 
is polarized either in the x-z-plane (/j-polarized) or perpendicular to the x-z-plane (s- 
polarized), the treatment can be split into eight separate parts related to the possible 
combinations of polarization of the three different incident fields. In this scattering ge- 
ometry ^11 (and ^11 ) lie along the x-axis, giving a mirror plane at j = 0. Consequently, 
only tensor elements in the (3x3x3x3) PCDFWM response tensor with a Cartesian 
index even numbered in y contributes, and the 81 tensor elements generally appearing 
are reduced to 41. 

Applying the two polarization states s and p chosen above to the three interacting 
fields, the resulting eight different combinations uses different matrix elements in the 
nonlinear conductivity tensor, and (as would be expected) these eight combinations to- 
gether make use of all elements of the nonlinear conductivity tensor. This division is 



shown in Fig. 9.1 for the 41 contributing tensor elements as described in the following. 



The noncontributing elements of the nonlinear conductivity tensor is denoted using the 



symbol "•" in Fig. 9.1. 



9.1 Eight sets of contributing matrix elements 

From the point of view of the probe, the eight different combinations of polarized light 
can be divided into two groups of four, namely four giving a PCDFWM response with the 
same polarization as the probe and four giving the other polarization as the PCDFWM 
response. In the four combinations giving response of the same polarization as the probe, 
the two pump fields have the same polarization states. These configurations are sketched 



in Fig. 9.2. The other four combinations, where the two pump fields are differently 



polarized are sketched in Fig. 3.3. 



Two out of the first four combinations describe s to s transitions, seen from the point 
of view of the probe, (i) The simplest combination arises when both pump fields and the 



probe field are s-polarized, as shown in Fig. ^.a. In this case, only the yyyy element 
of the nonlinear conductivity tensor is present. In Fig. 9.1 it is marked with a "•". It 
should be noted that this is the only case of the eight, in which a single matrix element 
can be determined independently in an actual experiment, (ii) When both pump fields 
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Figure 9. 1 : The contributing matrix elements of the third order conductivity tensor in the cases 
where (•) both the pump fields and the probe field are i-polarized, (o) both the pump fields and 
the probe field are /j-polarized, (■) both pump fields are i-polarized, and the probe field is p- 
polarized, (D) both pump fields are p-polarized, and the probe field is i-polarized, (Jit) (and V 
for the "interchanged term") pump 1 is .s-polarized, pump 2 is p-polarized, and the probe is s- 
polarized, (^) (and Jit for the "interchanged term") pump 1 is p-polarized, pump 2 is .s-polarized, 
and the probe is i-polarized, (<)) (and ^ for the "interchanged term") pump 1 is .^-polarized, 
pump 2 is p-polarized, and the probe is p-polarized, and (4) (and (} for the "interchanged term") 
pump 1 is /9-polarized, pump 2 is i-polarized, and the probe is p-polarized. 



are /7-polarized and the probe field is 5-polarized (see Fig. |9.4b), the four contributing 
matrix elements in the nonlinear conductivity tensor have indices / and j equal to y and 
indices k and h different from y. Each of these four elements is marked with a "D" in 



Fig. 9.1 



From the same point of view the other two of the first four combinations describe p to 
p transitions, (iii) If both pump fields are ^-polarized and the probe field is p-polarized 
the configuration is sketched in Fig. ^^.c, and four matrix elements in the nonlinear 
conductivity tensor contribute to the solution. They have indices k and h equal to y and 
indices / and j different from y. In Fig. ^, each of these elements is marked with a 
"■". (iv) The other extreme case [the simple extreme has been described in item (i)] is 
the combination where both pump fields and the probe field are p-polarized, as shown 
in Fig. p^.d. In order to obtain the solution for this combination as many as sixteen 
elements of the nonlinear conductivity tensor are required, since every element with an 



index without y's in it contributes. Each of these elements is marked in Fig. 9.1 with a 



o . 



(p) 
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Figure 9.2: Schematic illustration showing the four possible field polarization combinations 
giving rise to the same polarization of the phase conjugated response as the probe field. Figs, a 
and b shows the s to s response for s-polarized and /^-polarized pump fields, respectively, while 
Figs, c and d shows the p to p response corresponding to these pump field polarizations. In 
Figs, a-d the pump fields are denoted (1) and (2) and the probe field is denoted (p). 



(p\^ ^'^ (p\ 





4^ 
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Figure 9.3: Schematic illustration showing the four possible field polarization combinations 
giving rise to different polarization of the phase conjugated response seen from the point of view 
of the probe field. Figs, a and b shows the combinations of the fields giving a s to p response, 
while Figs, c and d shows the p to s response configurations. In all four cases the two pump fields 
are differently polarized with respect to each other In Figs, a-d the pump fields are denoted (1) 
and (2) and the probe field is denoted (p). 



Still taking the "probe to response" point of view, two of the remaining four cases 
represent a probe to response transition from s to p. (v) If pump field 1 is ^-polarized, 
pump field 2 is /7-polarized, and the probe field is 5^-polarized (the corresponding diagram 
is showed in Fig. |9.3[a), the four contributing matrix elements have indices j and k equal 



to y and indices / and h different from y. In Fig. 9. 1 each of these elements is marked with 
the symbol "Jit". In the other of these cases, (vi), pump field 1 is /j-polarized and pump 
field 2 is ^-polarized, and we take the probe field to be i^-polarized. This combination is 
sketched in Fig. ^.b, and the four contributing elements in the nonlinear conductivity 
tensor then have indices j and k equal to y and indices / and h different from y. In 



Fig. |9jJ the symbol "^" is used to show these elements. As a direct consequence of 
the conservation of momentum criterion these two combinations are equivalent, since 
by replacing ^|| with — ^|| and ^|| with — ^|| the situation in (vi) changes to the situation in 
(V). 

The last two combinations represent a transition from p to s in the picture from probe 
to response, (vii) If pump field 1 is i^-polarized and pump field 2 is /j-polarized, but 



the probe field is /j-polarized, the situation is as sketched in Fig. ^.c. Then again 
four elements of the nonlinear conductivity tensor contribute to the solution. These four 
elements have indices / and h equal to y and indices j and k different from y, and each 



element is marked using the symbol "{>" in Fig. 9.1. Finally, (viii), when pump field 
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1 is /^-polarized and pump field 2 is ^-polarized, but the probe field is /^-polarized, the 



configuration appears as shown in Fig. 9.3.d, which again gives four elements of the 



nonlinear conductivity tensor contributing to the solution, the indices / and k being equal 
to y and the indices j and h being different from y. We mark each of these elements 
with the symbol "^" in Fig. |9. 1[ For the same reason as before, cases (vii) and (viii) are 
equivalent. 



9.2 Simplified description by choice of pump fields 



Although the two pump fields has been drawn parallel to the interface in Figs. 9.2 and 



9.3, this is not a requirement, as long as they are counterpropagating to each other. If 
we are looking for a simplification in the treatment of optical phase conjugation from a 
quantum well structure, a reduction in the number of tensor elements to be calculated 
could be one alternative. Two immediate possibilities comes to mind. In the first case, 
the pump fields are taken to be parallel to the jc-axis. The second case has the pump 
fields parallel to the z-axis. The consequences of these two cases are described in the 
following. 

If the pump fields propagate in a direction parallel to the ;c-axis, the number of con- 
tributing tensor elements in the nonlinear conductivity tensor E(z,z',z",z"';^||,^||) is re- 
duced from 41 to 18 when considering s- and /^-polarized light only. The surviving 
elements can be divided into four cases following the four possible combinations of 
polarization of the pump fields. When (i) both pump fields are p-polarized, their respec- 
tive electric fields have only a z-component, and hence h = k = z- Similarly (ii), when 
both pump fields are ^-polarized, their electric fields only have a j-component, that is, 
h = k = y. In case (iii) pump field 1 is /j-polarized while pump field 2 is i^-polarized, 
giving h = z and k =y. In the final case (iv) the pump fields are polarized oppositely to 
those in case (iii), i.e., h = y and k = z- 

If we choose the pump fields to propagate in a direction parallel to the z axis in- 
stead, the number of contributing tensor elements in the nonlinear conductivity ten- 
sor S(z,z',z",z"';^||,^|j) is again reduced from 41 to 18 when considering s- and p- 
polarized light, and again the surviving elements are divided into four groups follow- 
ing the four possible combinations of polarization the pump fields can have. Thus, (i) 
when both pump fields are p-polarized, the electric fields representing them have only 
;c-components, i.e., h = k =x, (ii) for the pump fields both being i^-polarized, the same 
elements as when the pump fields are parallel to the x-axh contributes to the solution, 
giving again h = k = y. In the cases of differently polarized pump fields, (iii) h = x and 
k = y when pump field 1 is /^-polarized and pump field 2 is i'-polarized, and (iv) h = y 
and k = x when the opposite polarizations occur 

In conclusion, these two possibilities of choice have five common contributing ele- 
ments, namely the ones where k = h=y. At the same time, ten elements of the nonlinear 
conductivity tensor does not contribute to either simplification. They have kh G {xz,zx}. 
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Chapter 10 



Theoretical considerations 



Having discussed the properties of optical phase conjugation in quantum well structures 
in general, let us consider here the simplest configuration of a mesoscopic metallic op- 
tical quantum-well phase conjugator. In this case only a single bound state exists below 
the Fermi level and it is assumed that no levels above the Fermi level can be reached with 
the applied optical field. Such a quantum well is called a single-level quantum well. 



10.1 Phase conjugated field 

In a mesoscopic film the electric field generated via the direct and indirect processes at 
a given point is roughly speaking of the order (^ott>/^_L) J J-adz', whereas the self-field 
has the magnitude {fiQOi/q^)J_J^. Since qd <^\, where d is the thickness of the film, we 
judge the self-field term to dominate the phase conjugated field inside the quantum well, 
at least for single-level metallic quantum wells which have thicknesses on the atomic 
length scale. In the following we therefore use the so-called self-field (electrostatic) 
approximation to calculate the phase conjugated field inside the quantum well. With the 
propagator G{z^z!'',q\\ , co) replaced by g{z — z';0)), the phase conjugated field fulfills the 
integral equation 

Epciz;q\\,(0) = E^ciz'^q 11,(0) + %-^ ■ a{z,z';q\\,(o) ■ Epc{z;q\\,(o)dz' (10.1) 

inside the well, and the background field is now 

E^c{z;q\\,Oi) = ^^/!'i(z;^||,co). (10.2) 

In the self-field approach the phase conjugated field has only a component perpendic- 
ular to the surface (the z-component) inside the well and only the z-component of the 
nonlinear current density /Iq, drives the process. 

Once the phase conjugated field inside the quantum well has been determined in a 



self-consistent manner from Eq. (10.1), it can be determined outside using Eq. (8.24) 



The self-field does of course not contribute to the exterior field, and no loop problem is 
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involved. All that need to be done is to integrate known quantities in the z-direction over 
the well. 



10.2 Nonlinear conductivity tensor 

As we may recall, the nonlinear conductivity tensor appearing in Eq. ( ^^ ) may in gen- 
eral be written as a sum of seven parts (A-G) after the physical processes they describe. 



These have the tensor symmetries shown in Tab. |6JJ. In this chapter we use this conduc- 
tivity tensor in the form it takes for media with two-dimensional translational invariance 
as it was developed in Part|l[ but for quantum wells so thin that only a single bound level 
exists. The quantum well may be free standing, or it may be deposited on a substrate 
that can be described by a refractive index n relative to the vacuum on the other side of 
the film. The surface of the film is parallel to the x-j-plane in a Cartesian coordinate 
system, and the interface between the film and the substrate is placed at z = as shown 



in Fig. 8.1. We further limit our study to the case where (i) all scattering takes place in 
the ;c-z-plane, (ii) the interacting fields are linearly polarized in (p) or perpendicular to 
(s) the scattering plane, (iii) the pump fields in the phase conjugating system are coun- 
terpropagating monochromatic plane waves with a uniform amplitude along the z-axis 
and propagating in a direction parallel to the jc-axis, and (iv) the field is calculated within 
the self-field approximation. 

From (i) above we get a mirror plane at 3^ = 0, leaving only tensor elements of the 
conductivity tensors with an even number (0,2,4) of j's in the Cartesian index nonzero. 
Condition (iii) implies as a consequence of condition (ii) that no tensor elements of the 
nonlinear conductivity tensor with one or both of the last two Cartesian indices as x 
contributes to the phase conjugated response. Requirement (iv) above implies that the 
first Cartesian index of a tensor element should be z in order to contribute to the phase 
conjugated response. The choice of a single level quantum well in itself restricts the 
transition current density to contain x- and y- components only. Together with the fact 
that part B gives zero after integration over iC|| and E gives pure interband contributions, 
these choices leave two nonzero elements of the nonlinear conductivity tensor, namely 

"C / I II III 1 \ ^C / I II III 1 \ 

^^yy^{z,z ,z ,z ;^||-^||)=i,,,,(z,z,z ,z ;^||-fc||) = 

24KW,,2 ^(^H-^l|)8(^^-^")8(^-^")lN^(^0Pi¥(^)P, (10.3) 



e 



,4 



Zfyy,{z,z\z'\z''';q\\,^) = ^^;^^j^^^{q\\,k\^^^^^ 

(10.4) 



where 



C{q\\ -k«)=2 / — -^ — ^ " , , ,,^ ", r^<i K||, (10.5) 

'^11 II' ' hiq\\-k\\)[2K, + q\\-k\\] i2m,)-ix "' 
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%|| +^||)[2K;, + g|| +^||]/(2me) -i/x 



fm)-f{n+h^x) /(iC|| + [^||+^||]?^-)-/(i^||+'^||?x) 



hk\\[2Kj, + k\\]/{2me) -i/x-CO hq\\[2Kx + q\\ +2k\\]/{2me) -i/x + CO 

fin ) - fin + wx) fin + [^n + ^nigx) - /(kii + q\\ex) \ . 

i "*" f^t„ roi^ _L I., _L o^„i /ro.,, ^ _ ; /t _ m / "^11 ■ 



/i(7||[2K,. + <7||]/(2me) -i/x + co M||[2Kv + ^|| +2q\\]/{2me) -i/x-co^ 

(10.6) 

The number 2 appearing in front of the integrals above represents the summation over 
the degenerate spin energies. 

The free-particle character of the electron motion in the plane of the quantum well en- 
ables us to write the solutions to the light-unperturbed Schrodinger equation in the form 
*P(r) = (27i)^^\|/(z)exp(iiC|| -r), where iC|| = (k_v,Kv,0) is the wavevector of the electron 
in consideration and \|/(z), appearing in Eqs. ( |10.3| ) and (10.4), is the z-dependent part 



of the wave function, common to all electrons. The jc-y-dependent parts of the wave 
functions, (27i)^' exp(iiC|| • r), are orthonormalized in the Dirac sense, i.e., they obey the 
equation (27i)^^/exp[i(iC|| — KJi) ■r]d^r = 5(iC|| — KJi), and the z-dependent part fulfills 
the separate normalization condition / |\|/(z)p(iz = 1. In Eqs. ( 10.5| ) and ( 10.6| ) the re- 



sponse of all electrons is taken into account by integrating over all possible iC|| wavevec- 
tors. The eigenenergy E(iC||) belonging to the state ^{r) is obtained by adding to the 
common bound-state energy £, the kinetic energy in the parallel motion. Thus 



^' .2 



E(iC||)=£+;— K^. (10.7) 

" 2me " 

The quantity fin) = [1 +sxp{('E(K||) — /j)/(^b7")}]^ denotes the Fermi-Dirac distri- 
bution function for this eigenstate, /u being the chemical potential of the electron system, 
^B the Boltzmann constant, and T the absolute temperature. 



10.3 Probe with single Fourier component 

In the following we calculate the phase conjugated field generated by a probe field which 
consists of only one plane- wave component of wavevector q = (^p ,0,q±^). A probe field 



of the form E{z', q\\ ) = Ee^'^^^ is hence inserted in Eq. (|8.8|). 

Then, when using linearly polarized light, three different combinations of polarization 
gives a nonlinear current density, namely (i) the one in which all participating fields are 
p-polarized {ppp), and (ii) the two combinations where the pump fields are differently 
polarized and the probe field is ^-polarized {sps and pss). In all cases, the phase conju- 
gated response is /7-polarized, and thus characterized in terms of the polarization states 
of the probe and phase conjugated fields, case (i) may be classified as a. p to p tran- 
sition, and cases (ii) as s to p transitions. A schematic illustration of these interaction 
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Figure 10.1: Schematic illustration showing three of the possible field polarization combina- 
tions which may give rise to a phase conjugated response in a single-level quantum well, viz. (a) 
the purely p-polarized configuration, and (b-c) the mixed polarization configurations where the 
pump fields are differently polarized while the probe is .s-polarized. The two mixed polarization 
states are closely related, since replacing q\\ with —q\\ in one of them yields the other In both 
(a and b-c) cases, the phase conjugated response is p-polarized. The schemes are shown in the 



Cartesian coordinate system given in Fig. |8.1| , such that the small arrows in the plane represents 
/5-polarized states and the circles represents s-polarized states. The large arrows show the direc- 
tion of (one Fourier component of) the wavevectors of the pump fields (1 and 2) and the probe 
field (p). 



configurations is shown in Fig. 10.1 Defining the z-independent quantity 
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(10.8) 



(10.9) 



(10.10) 



(10.11) 



In the above three equations, the superscript (1) refers to the pump field propagating 
along the x-axis in the positive direction (k\\ = k\\ex), and the superscript (2) refers to 
the other pump field. The s to p transitions are symmetric in the sense that if the probe 



wavevector q\\ is replaced by —q\\ in Eq. ( |10. 10| ), then the result of Eq. ( |10. llD is ob- 
tained, and vice versa. The ptop transition is symmetric to itself in this sense. 
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For a single-level quantum well, the zz-component of the linear conductivity tensor is 



given by (Feibelman 1982) 



z{z,z;i 



ie^9i 



where 



^ 



(271)2 



mg((0 + i/x) 



z. ^J2, 



l¥(z)p5(z-z': 



/(K||M 



(10.12) 



(10.13) 



In order to take into account the coupling to surroundings we have introduced a phe- 
nomenological relaxation time x in the diamagnetic expression for a,^ [Eq. ( 10. 12| )] 
( Feibelman 1982 ). A factor of two in this equation again stems from the spin summa- 
tion, and the quantity 5\£ |v(z)P is the conduction electron density. The phase conjugated 
field inside the quantum well has a z-component, £'pc.^(z;^||), only, and by combining 
Eqs. ( 10.1 ), ( 10.2 ), and ( 10.12D it appears that this is given by 

ime{o) + i/z) 



^pc,z(z;?li; 



r(3) 



e^5v: |\|/(z) p - eomg(o((o + i/x) 



■^-izi^'n, 



(10.14) 



Using now Eq. ( g.24[ ), the z-components of the phase conjugated field outside the quan- 
tum well can be calculated, and the result is 



iPC,z(z;^||)=-7lffl,z 



in)^' 



iq±z 



2q± 



,(3) /;?„ 



e^9i I V(z') P - eo'WeCo((o + i/x' 



-dz' 



(10.15) 



where the relevant expression for J^^J^m) is taken from Eq. (lO.S), (10.10), or (10.11). 
Given the z-component of the phase conjugated field, the x-component may be found 
from 



Evc.x{z;q\\) = — £'pc.z(z;^ii 
^11 



(10.16) 



which follows from the expression for the electromagnetic propagator, or equivalently 
from the demand that the phase conjugated field must be transverse in vacuum. 

The integral in Eq. ( 10.15| ) is different from zero only in the region of the quantum well 
[from around z' = —d to around z' = in the chosen coordinate system, the exact domain 
depending on the extent of the electronic wave function \|/(z')]- Since the width (~ d) of 
a single-level metallic quantum well is in the Angstrom range, and q± is typically in the 
micrometer range for optical signals such that q±d ^ 1, it is a good approximation to put 
exp(ibi^xz') = 1 in Eq. (10.15). For electromagnetic frequencies so high that q± ~ d^\ 
the present theory would anyway be too simple to rely on [the Bloch function character 
of the wave functions along the surface and excitation to the continuum (photoemission) 



should be incorporated at least]. With the above-mentioned approximation, Eq. ( |10.15t ) 
is reduced to 
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A(?ii)^"''"' 
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(10.17) 
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where y = e^iV;/[£o'Mg(o((0 + i/x)]. Using the approximation exp{iq±z') = 1 and the 



normalization condition on \\f{z'), Eqs. (10.9)-( 10.11) are reduced to 
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(10.18) 
(10.19) 

(10.20) 



respectively. 

Thus the phase conjugated field from a single-level quantum well is described in the 
mixed Fourier space by Eq. ( 10.17| ) with insertion of Eq. ( 10.18 ), ( 10.19 ), or ( 10.20| ), 
the expressions for C [Eq. ( |10.5 )] and 2? [Eq. ( 10.6 )] carrying the information on the 
two-dimensional electron dynamics. 

So far, the description of the phase conjugated response has been independent of the 
actual wave functions in the active medium, and thus independent of the form of the 
quantum well potential. In order to prepare our theory for a numerical study we now 
introduce a model potential in our quantum well system, namely the infinite barrier 
potential. 



10.4 Infinite barrier model 



To achieve a qualitative impression of the phase conjugation from a single-level metallic 
quantum well it is sufficient to carry out numerical calculations on the basis of the simple 
infinite barrier (IB) model. In this model the one-dimensional potential V{z) is taken to 
be zero in the interval —d < z < (inside the quantum well) and infinite elsewhere. The 
stationary state wave function now is given by \|/(z) = y^2/dsm{nz/d) inside the well 
and \|/(z) = outside, and the associated energy is £ = {%hY /{Irried^). In the IB model 
the number of bound states is of course infinite, and to use this model in the context of a 
single level calculation, one must be sure that only one of the bound states (the ground 
state) has an energy below the Fermi energy, and that the optical frequency is so low that 
interlevel excitations are negligible. 

For a metallic quantum well one may even at room temperature approximate the 
Fermi-Dirac distribution function appearing in the expressions for C, D , and 5\£ in 



Eqs. ( |10.5[ ), ( |10.6| ), and ( |10. 13[ ) by its value at zero temperature, i.e., 

^2 - 



lim/(K||) 






-V 

d) 



+ K- 



(10.21) 



where is the Heaviside step function and T.p is the Fermi energy of the system. In 
the low temperature limit it is possible to find analytical solutions to the integrals over 
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K|| appearing in Eqs. ( |10.5[ ) and ( |10.6[ ). This is adequately achieved by performing a co- 
ordinate transformation into cylindrical coordinates, since each Heaviside step function 
gives nonzero values in the Kj^-Ky-space only inside a circle with radius, say, a. The 
explicit calculations are tedious but trivial to carry out, and since the final expressions 
for C and 23 are rather long we do not present them here. For the interested reader these 
calculations are reproduced in Appendices ^ and ^ [specifically. Section C.ll ]. 

The Fermi energy is calculated from the global charge neutrality condition [see Keller 
(1996a) and the calculation performed in Appendix ^, which for a single level quantum 
well takes the form 



0^=ZN+d, 



(10.22) 



where A'^^. is the number of positive ions per unit volume and Z is the valence of these 
ions. Since ?\£ = me{'Lp — z)/{%fi^), cf. the calculation in the Section |C.11| , one gets 



•Lf 



nff 



nip 



ZN+d + 



2^2 



(10.23) 



In order that just the ground state (energy 8) has an energy less than the Fermi energy, the 
film thickness must be less than a certain maximum value Jmax- When the thickness of 
the well becomes so large that the Fermi energy equals the energy £2 = {2%Kf- / {Iniecf') 
of the first excited state a second bound state of energy less than Ef will appear. From 
the condition Ef ((imax) = £2(^max). '^max can be calculated, and one gets by means of 
Eq. ( [Ta23| ) 



y3%/{2ZN^ 



(10.24) 



i.e., a result which depends on the number of conduction electrons in the film. The 
minimum thickness is in the IB model zero, but in reality the smallest thickness is a 
single monolayer. 



Inserting the IB model into the integral over the source region appearing in Eq. (10. 17) 
we get 

(10.25) 
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1 J-d2ysin^(nz'/d)-d 



which by substitution of 6 = Tiz' /d, addition and subtraction of d in the nominator of the 
integral, and use of 2Ysin^ % — d = 2y[ ^J\ —d/{2y) — cos 6] [ 1/I —d/{2'fj + cos 6] gives 
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(10.26) 



The solution to the integral in Eq. (10.26) is obtained by use of Eq. (B.32), and since 
2\y\/d ^ 1 [for metals, |y| lies typically between 1 and 100 in the optical region (e.g., 
for copper |y| ss 85 in the present study) and d is in the Angstrom range]. Using this result 
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and the expression for the Fermi energy given in Eq. ( |10.23[ ), we obtain by insertion into 
Eq. dTaTTl) the result 



Epc,ziz;q\\) 



qjmei(0 + i/x){l+rP 
2q^e^ZN+ 



,(3) (7i 
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(10.27) 



,(3) 



By insertion of the relevant expressions for J_q),,(^||) we finally obtain the following 
results for the z-component of the phase conjugated field outside the quantum well: 
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(10.28) 



for the purely p-polarized configuration, and 
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(10.29) 



(10.30) 



for the configurations with mixed polarization of the pump fields. The ;c-component of 
the phase conjugated field is obtained using Eq. ( |10.16| ). 



Chapter 11 



Numerical results 



The theoretical description presented in the previous chapter resulted in expressions for 
the phase conjugated field from a single level quantum well. Thus for the numerical 
work, the phase conjugated field is given completely by Eqs. ( 10.28 )-( 10.30D and ( 10.16 ) 
with the insertion of the expressions for the electron dynamics parallel to the surface 
plane, given by Eqs. ( C.179 )-( C.180 ) in Appendix ^ In the following we will present 
the phase conjugation reflection coefficient, succeeded by a discussion of a possible 
excitation scheme which might be adequate for studies of phase conjugation of optical 



near fields (Bozhevolnyi, Keller, and Smolyaninov 1994) 



11.1 Phase conjugation reflection coefficient 

To estimate the amount of light we get back through the phase conjugated channel, we 
define the phase conjugation (energy) reflection coefficient as 






^Probe ( 



d;q\\ 



(11.1) 



in which I^^\ I^'^\ /probe. and /pc are the intensities of the two pump beams, the probe 
and the phase conjugated field, respectively. Each of the intensities are given by 



epcpE-E* 

2 (27l)4 



(11.2) 



where the factor of (2%)^^ originates from the manner in which we have introduced 
the Fourier amplitudes of the fields. If the probe field is evanescent the intensity of 
the phase conjugated field, /pc(z;^||), will depend on the distance from the surface, and 
consequently the reflection coefficient is z-dependent in such a case. 

For the remaining part of this work we choose a copper quantum well with N^ = 
8.47 X lO^^m"^ and Z = 1 [data taken from [Ashcroft and Mermin (1976| )]. Then from 
Eq. ( |10.24| ), the maximal thickness becomes dmax = 3.82A, which is more than two 
monolayers and less than three. Thus we have two obvious choices for the thickness of 
the quantum well, namely a single monolayer or two monolayers. We thus take a look 
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Figure 11.1: The phase conjugation reflection coefficient at the vacuum/film interface of a 
single monolayer copper quantum well, Rpc{—d\qn), is plotted for ippp) the p to p transition 



(corresponding to diagram (a) in Fig. 10.1), {sps) one of the s io p transitions (corresponding 



to diagram (b) in Fig. 10.1), and {pss) the other s to p transition (corresponding to diagram 



(c) in Fig. 10.1), as a function of the normalized component of the probe wavevector along the 
interface, q\\/q. The normalized Fermi wavenumber is indicated by the vertical line. It is for a 
singlemonolayerof copper ^/r/^ = 3.38 X 10^. The set of arrows labeled « are placed at ^ii —nq. 



at both possibilities in the following, corresponding to a thickness of cf = 1. 8 A for one 
monolayer and d = 3.6A for two monolayers. The Cu quantum well can adequately be 
deposited on a glass substrate for which we use a refractive index n of 1.5 1. With this 
substrate, a reasonable description of the linear vaccum/substrate amplitude reflection 
coefficient rP is obtained by use of the classical Fresnel formula 



n^qi 



(" r - q\ 



n^qi 



+ {rrq 



2^2 . 



-^f)^ 



(II.3) 



q = co/co being the vacuum wavenumber, as before. Then, having the pump fields par- 
allel to the ;c-axis gives a pump wavenumber k\\ = 1.51^. The wavelength X of the light 
is chosen to be A, = 106Inm. 

The phase conjugation reflection coefficient at the vacuum/film interface, Rpc(—d;q\\ ) 
is plotted in Figs. |II.I| and 1 1.2 as a function of the parallel component (^n) of the 
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Figure 11.2: The phase conjugation reflection coefficient at the vacuum/film interface of a 
two-monolayer copper quantum well, Rpc{—d;q\\), is plotted for ippp) the p to p transition 



(corresponding to diagram (a) in Fig. 10.1), {sps) one of the s io p transitions (corresponding 



to diagram (b) in Fig. 10.1), and {pss) the other s to p transition (corresponding to diagram 



(c) in Fig. 10.1), as a function of the normalized component of the probe wavevector along the 
interface, q\\/q. The normalized Fermi wavenumber is indicated by the vertical line. For a two- 
monolayer copper film it is kp/q = 2.78 x 10^^. The set of arrows labeled n are placed at q\\ = nq. 



wavevector for both the p to p transition and the two s to p transitions. The reason 
that the two curves for the s to p transitions appear the same in the high end of the 
q\\/q spectrum is due to the fact that for k\\ <C q\\ we have C{q\\ —k\\) — C{q\\ +^||) and 
'D {q\\ , ^11 ) ~ ® (^11 , — ^11 ). The "bubble" appearing on the sps and pss curves from around 
q\\/q ~ 100 to q\\/q ~ kp /q is due to the two-dimensional electron dynamics hidden in 
® (^l|,^|j). To be a little more specific, the left of the two peaks stems from the second 
term, while the peak to the right in the bubble stems from the third term. 

To illustrate the similarity between the two possible s to p transitions, we can take 
Eq. ( 10.29| ) to describe the phase conjugated field, which for positive values of q\\/ q 
gives the result in Fig. 11.2 {sps). Using the other sto p transition, given by Eq. ( 10.301 ), 



instead we get the result in Fig. 11.2 {pss) for positive values of q\\/q. The symmetry 
between the two configurations is obtained by looking at the negative values of q\\/q, 
since Eq. ( |10.29[ ) plotted for negative values of q\\/q gives the {pss) curve in Fig. |11.4 
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Figure 11.3: The phase conjugation reflection coefficient at the surface of the phase conjugator 
(single monolayer Cu film) is plotted for different values (t S {200, 30, 3} femtoseconds) of the 
relaxation time. The main figure shows the result for the sps configuration, while the inserted 
picture shows the ppp result. The two sets of arrows labeled n are placed at ^n = nq. The other 
two sets of arrows are explained in the main text. 



Similarly, by starting with Eq. ( |10.30| ), the resulting curve for negative values of q\\/q 



gives the {sps) result in Fig. [11.2 



The choice of an adequate relaxation time x is a difficult problem and it appears from 



Figs. |11.3| and |11.4| that the value of the relaxation time has a great impact on the phase 
conjugation reflection coefficient. We have plotted the reflection coefficent for three val- 
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Figure 1 1 .4: The phase conjugation reflection coefficient at the surface of the phase conjugator 
(two-monolayer Cu film) is plotted for different values (t S {200,30,3} femtoseconds) of the 
relaxation time. The main figure shows the result for the sps configuration, while the inserted 
picture shows the ppp result. The two sets of arrows labeled n are placed at ^n = nq. The other 
two sets of arrows are explained in the main text. 



ues of the relaxation time, namely (i) 30fs and (ii) 200fs, which are typical values one 
would find for bulk copper ( Ashcroft and Mermin 1976| ) at (i) room temperature and 
(ii) at 77K, and (iii) 3fs. The value in case (iii) is obtained by a conjecture based on 
the difference between measured data for a lead quantum well (J alochowski, Strozak, 
and Zdyb 1997) and the bulk value for lead at room temperature. The difference be- 
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tween the relaxation time measured by [Falochowski, Strozak, and Zdyb (1997 ) is for 



two monolayers approximately one order of magnitude. Based on the results of Jalo- 
chowski, Strozak, and Zdyb (1997) we have for the data presented in this work chosen 
the value of the relaxation time to be 3fs. As it can be seen from Fig. |11.4| , the bubble in 
the curve corresponding to the sps configuration appears earlier in the ^||/g-spectrum for 
higher values of x. For the ppp configuration the lower end of the spectrum is damped 
when T becomes smaller. 

So what is the difference between using a single monolayer or two monolayers in the 
quantum well? In the single monolayer quantum well, the distance between the occupied 
energy level and the first free energy level in the infinite barrier model, and between the 
occupied energy level and the continuum states in a finite barrier model is larger than 
for a two monolayer well. Thus the single-monolayer well should behave more ideally 
Uke a single-level quantum well at higher frequencies than the two-monolayer well. If 
we take a look at Figs. |ll.l| and 11.2 we observe that the bubble in the sps and pss 



curves has the highest maximal magnitude for the two-monolayer well, and the earliest 
falloff in the high end of the ^y /^-spectrum. The value of each of the two peaks in 
the bubble is reached at the same ^||/^-value in the two cases, as is also evident from 



Figs. 1 1.3 and 1 1.4 (shown using a set of arrows for each peak). From these two figures 
we also observe that the relaxation-time dependent low-^||/^ beginning of the bubble 
occurs a little earlier and is increasing faster in the two-monolayer well compared to 
the other. In the low end of the ^|| /^-spectrum the sps and pss curves are of equal 
magnitude. Looking at the ppp curve, we observe that it is damped roughly by a factor 
of two in the low end of the ^|| /^-spectrum using a single-monolayer film in stead of 
two monolayers. In the high end it takes its maximal value for the single-monolayer 
well at rougly twice the value of ^|| /q than for the two-monolayer film. In conclusion, 
the differences between the phase conjugated response for a single-monolayer film and 
a two-monolayer film will probably be very difficult, if not impossible, to observe in 
an experiment with single mode excitation. In the rest of this chapter we thus present 
results for the two-monolayer film only. 

We have in Fig. 11.5| plotted the phase conjugation reflection coefficient for the pto p 



transition and one of the s to p transitions, respectively, for different distances from the 
surface of the phase conjugator. Due to our particular interest in the phase conjugation 
of the evanescent modes in the Fourier spectrum the chosen distances are fractions of the 
vacuum wavelength. In Fig. 11. 6| we have plotted the part of the Fourier spectrum for 



all three configurations which is judged to be the most easily accessible to single-mode 
excitation in experimental investigations. 



It appears from Fig. 11.5 (ppp) that the phase conjugation reflection coefficient is 
independent of the distance from the metal film in the region where q\\/q < 1. This is 
so because the probe field, and hence also the phase conjugated field, are of propagating 
character {q±^ = [q^ — q}\\^''^ is real). In the region where q\\/q > 1, both the probe field 

and the phase conjugated field are evanescent (^j^ = i[q}, —q^Y'^ is a purely imaginary 
quantity), and in consequence the reflection coefficient decreases rapidly with the dis- 
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Figure 11.5: The ^n /^-dependence of the phase conjugation reflection coefficient, Rpc{z',q\\), is 
plotted at different distances \z + d\ € {A.,A./2, V4,A./8, Vl6,X/32,A./64,A./128,A./256} from 
the vacuum/film interface. The upper figure shows the results for the p to p transition. The 
lower figure shows the results for the s to p transition which corresponds to configuration (b) in 



Fig. 10.1 



tance from the phase conjugator. Already a single wavelength away from the surface 
of the phase conjugator the evanescent modes of the phase conjugated field have es- 
sentially vanished and only propagating modes are detectable. Although the evanescent 
Fourier components of the phase conjugated field are present only less than an optical 
wavelength from the surface, this does not imply that the nonlinear mixing of the elec- 
tromagnetic waves is less effective in the regime of the evanescent modes. It is in fact 
opposite, as may be seen for instance from Fig. |ll.2| . The maximum coupling for the p 
to p transition is obtained for q^^/q ~ 500, and in comparison with Rpc at q\\/q ~ 1, the 
maximum in Rpc is nine orders of magnitude larger, and seven, respectively eight orders 
of magnitude larger for the two s to p transitions, which have their maxima at around 
q\\/q ~ 700. As we observe from Fig. 11.5, as the distance from the film increases the 
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maximum value decreases and is shifted downwards in the q\\/q spectrum. But only 
when the distance from the phase conjugator becomes larger than ~ X/10 {ppp) respec- 
tively ^ X/60 {sps), the phase conjugated signal is largest at q\\/q ~ 1. 

The absolute value of the reflection coefficients may seem very small, but utilizing a 
high-power Nd:YAG laser with, say an energy of lOOmJ per pulse available for each of 
the three incoming fields, a pulse (assumed square for simplicity) duration of 4ns and 
an interaction area of 25 mm^, the intensity of each of these fields will be in the order of 
ITW/m^, and the phase conjugated intensity lies between lOOpW/m^ and IW/m^ in the 



full range of q\\ jq for which the reflection coefficient has been plotted in Fig. |11.5| (ppp), 
and between l^W/m^ and IkW/m^ in relation to the data in Fig. 1 1.5 (sps). 



In many theoretical studies of the properties of phase conjugated fields it is assumed 
that the phase conjugator is ideal ( Hendriks and Nienhuis 1989|; A garwal and Gupta 
1995; [Keller 1996c ). By this is meant that the phase conjugation reflection coefficient 
is independent of the angle of incidense of the (propagating) probe field (and maybe 
also of the state of polarization). In the present case, the ideal phase conjugator assump- 
tion is certainly not good. Prior to the observation that evanescent fields could be phase 



conjugated ( [Bozhevolnyi, Keller, and Smolyaninov 1994| ) it was often assumed in theory 
( Yariv 1982) that Rpc = in the region q \\ /^ > 1, and in later studies (A garwal and Gupta 
1995; Keller 1996c) it has been assumed that also the phase conjugation of evanescent 
waves is ideal, i.e., independent of q^^/q (> 1). When it comes to the phase conjuga- 
tion from quantum well systems our analysis indicates that use of an energy reflection 
coefficient independent of q\\/q in general is bad. Only at specific distances the ideal 
phase conjugator assumption might be justified, see, e.g., the results representing Rpc 
at |z + (i| = X/8 in Fig. 11.6 The kink in the reflection coefficient (which is most pro- 
nounced close to the metal/vacuum interface) found at q\\/q = n{= 1.51) appears when 
the probe field changes from being propagating to being evanescent inside the substrate. 

Above we have discussed the nonlinear reflection coefficient for the p to p configura- 



tion. It appears from Figs. |11.5| and |11.6| that the quantitative picture is the same for the s 
to p cases, though the reflection coefficient for the sto p transitions roughly speaking are 
five orders of magnitude larger in the experimentally most adequate evanescent region 
of the Fourier spectrum (1 < g||/^ < 2.5) for single mode excitation. 

The IB model only offers a crude description of the electronic properties of a quantum 
well. Among other things, the electron density profile at the ion/vacuum edge is poorly 
accounted for in this model, which gives too sharp a profile and underestimates the spill- 
out of the wave function. Altogether one should be careful to put too much reality into 
the IB model when treating local-field variations (related to, say, ^n or q^} on the atomic 
length scale. Also the neclect of the Bloch character of the wave functions accounting 
for the dynamics in the plane of the well is doubtful in investigations of the local field 
among the atoms of the quantum well. The crucial quantity in the above-mentioned 
context is the Fermi wavenumber kp = {Inie'Epy/^ /h, and in relation to Fig. 11.5, only 
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Figure 11.6: The phase conjugation reflection coefficient, Rpc{z',q\\), is plotted at different dis- 
tances \z + d\ e {A.,A./2,V4,V8,A./16,A./32,A./64,A./128,V256} from the vacuum/film inter- 
face as a function of the normalized probe wave number (^n /q. Results for a two-monolayer thick 
quantum-well phase conjugator are here shown for the three polarization combinations ppp, sps, 
and pss in the range where we expect single mode excitation to be experimentally feasible. 
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results for q\\/q ratios less than approximately 



kf 



ZN+d 
2% 



+ 



4J2' 



(11.4) 



appears reliable. Insertion of the appropriate values for copper: ZN^ = 8.47 x 10^^, 
d = 1 .SA (single monolayer film) or li = 3.6A (two-monolayer film), and the wavelength 
X = 1061nm gives kf = 3.38 x lO^q for a single monolayer of copper, and kf = 2.76 x 



10^^ for two monolayers of copper, respectively. The data presented in Fig. 11.5 should 
therefore be well within this limit of our model. 



Returning to the curve in Fig. |11.5| (ppp) which represents the reflection coefficient 
closest to the surface of the phase conjugator (|z + (i| = X/256) one finds approximately 
a relation of the form Rpc = b{q\\/qY with a ~ 5 in the lower wavenumber end of the 
evanescent region. The falloff of /?pc with q\\/q after the maximum (located at q\\/q ~ 
50) is much stronger than the increase towards the maximum. As the distance from the 
phase conjugator is increased the value of a gradually decreases. In Fig. 11.5 (b) we 
observe a similar behaviour, but this time the value of a in the approximate relation in 
the low end of the evanescent part of the Fourier spectrum is smaller, namely a ~ 1.5. 

The energy reflection coefficient calculated at the vacuum/quantum well interface, 
Rpc{—d;q\\), characterizes the effectiveness with which a given (^||) plane-wave probe 
field (propagating or evanescent) may be phase conjugated, and the results presented 



in Fig. 11.2 indicate that this effectiveness (nonlinear coupling) is particularly large for 



(part of the) evanescent modes. The maximum in the effectivity is reached for a value 
of q\\/q as large as ^ 500-700. The strong coupling in part of the evanescent region 
does not necessarily reflect itself in any easy manner experimentally. First of all, one 
must realize that the strong coupling effect only may be observed close to the quantum 
well, i.e., at distances z < ?i. Secondly, one must be able to produce evanescent probe 
fields with relatively large values of q\\/ q. This is in itself by no means simple outside 
the range when th e standard Otto (1968|, 1976) [or possibly Kretschmann (K retschmann 



and Raether 1968; [Raether 1988[ )] techniques can be adopted. Roughly speaking, this 
range coincides with the ones shown in Fig. 11. 6| . To create probe fields with larger 
q\\/q values other kinds of experimental techniques must be used, and in the following 
we shall consider a particular example and in a qualitative manner discuss the resulting 
Fourier spectrum of the phase conjugated field. 



11.2 Phase conjugated response using a wire source 

In near-field optics evanescent fields with relatively large values of q\\/q are produced 
by various methods, all aiming at compressing the source field to subwavelength spatial 



extension [see, e.g., |Pohl and Courjon (1993[ ) and |Nieto-Vesperinas and Garcia (1996[ )]. 
From a theoretical point of view the radiation from a subwavelength source may in some 
cases be modelled by the radiation from an (electric) point-dipole source, or an assembly 
of such sources. It is a straightforward matter to decompose an electric point-dipole field 
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into its relevant evanescent and propagating modes, and thereby estimate the intensity of 
the phase conjugated field in each of the ^n -components. However, in order to determine 
the characteristics of the phase conjugated light focus generated by the quantum well one 
would have to calculate the four-wave mixing also for probe fields with wavevectors not 
confined to the jc-z-plane, and to do this our theory must first be generalized to non-planar 
phase conjugation. 

Within the framework of the present theory, it is possible, however, to study the spatial 
confinement (focusing) of the phase conjugated field generated by a quantum wire ade- 
quately placed above the surface of the quantum well ( [Keller 1998 ), and let us therefore 
as an example consider the case where the source of the probe field is a (quantum) wire. 
We imagine that the axis of the wire is placed parallel to the j-axis and cuts the ;c-z-plane 
in the point (0, —zo), cf. Fig. 8.1. Under the assumption that the spatial electron confine- 



ment in the wire is perfect (complete) and the wire current density is the same all along 
the wire at a given time, the harmonic source current density is given by 



/(r;(o) =7o((o)5(x)5(z + zo) 



(11.5) 



where /o(k>) is its possibly frequency dependent vectorial amplitude. The spatial distri- 
bution of the field from this source is 



E{x,z;(o) 



(inf 



where 



1 



E{z;q\\,0))e''^r^'5{qiy)d^c]\\ 



(271)2 

E{z;q\\,(iyyn''dq\\, 



(11.6) 



^(z;^ll,co) 



2£o03q± 



q\ -q\\qi^ 
^2 

-q\\qi_ q\ 



•■/o(co), 



(11.7) 



where as hitherto q\+q\=q^- At the phase conjugating mirror, the Fourier components 
of the wire probe are E{—d;q\\,(ii). 

To illustrate the angular spectral distribution of the field from this kind of wire source 
at the phase conjugator, we look closer at the cases, where (i) the current density is po- 
larized along the x-axis, and (ii) along the 3'-axis. Thus, in case (i) we use /o(k') = 
7o(g>)?v. and by normalizing the electric fields to the amphtude of the current den- 
sity, the corresponding normalized differential intensity [A/pj-obe = \^oCQE{—d;q\\,(ii) ■ 
E*{-d;q\\,Oi)/{l%)^^ becomes 



^"°"^"'^'"^ = 27^ {® (1 - (^ll/^)) +® ((^ll/^) - 1) [2(^11/^)^ 



|/o((o)P 

X exp \^-2{zQ-d)qyJ{q\\/qY - 1 



1 



(11.8) 
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Figure 11.7: The angular Fourier spectrum reaching the surface of the phase conjugating 
medium when the probe field is radiated from a (quantum) wire. The dotted curves (7o(co)ey) 
show the Fourier components when the wire current density is polarized along the y axis. Sim- 
ilarly, the dashed curves (yo(K))ez) and the fully drawn curves (yo(K))ej) show the Fourier com- 
ponents from a wire source with its current density oscillating along the z-axis and the jc-axis, 
respectively. The angular Fourier spectrum is for all three cases shown for five different distances 
zo — "^ G {A./16, A-/32, A,/64, A,/128, X/256} of the wire from the phase conjugator 



is shown in Fig. |11.7| for different values of the distance z.q — d from the wire to the 
vacuum/film interface. In case (ii), 7o(tt>) = ■/o(tt>)?y> and the associated normalized 
intensity which is given by 

A/probe(-^;^||) _ 1 \ %{\-{q\\lq )) ^ %{{q\\lq)-\) 

|/0((0)!2 2VeoCo\ \-{q\\lqf 



+ ■ 



(^11 A)' 



(11.9) 



xexp(^-2(zo-J)gY^(^l|/^)2- 

is also presented in Fig. |11.7| , for the same distances as in case (i). The third curve in 
Fig. |ll.7| represents the case where /o((o) = /o((o)?^, and is shown for reference. 

Looking at the curve in Fig. |11.7| corresponding to 7o(tt>) = Jo{^)ey (and the curve 
corresponding to Jo{(s)) = Jo{(i))e^), we notice that a singularity occurs when q\\/q = 1, 
or equivalently where q± = 0. The presence of this singularity is an artifact originat- 
ing in the (model) assumption that the electron confinement is complete in the x- and 
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z-directions (see Eq. ( |11.5[ )). If we had started from a quantum wire current density of 
finite (but small) extension in x and z the singularity would have been replaced by a (nar- 
row) peak of finite height. Not only in quantum wire optics, but also in optical studies 
of quantum dots and wells singularities would appear if complete electron confinement 
was assumed (in 3D and ID, respectively). In the present context the assumption of 
perfect electron confinement works well because we only consider the generated field 



outside the self-field region of the wire [see, e.g., [Keller (1997b| )]. In an experiment one 
would always end up integrating over some finite interval of q\\ around the singularity, 
and this integral can in all cases be proven finite. At each distance of the wire from 



the phase conjugator the two curves J^e^ and Jqc, in Fig. |1 1 .7| becomes identical when 
{qw/qY ^ 1, since from Eq. ( |ll.7| ) we may draw the relation E^^ = —{q\\/qj_)Ex, and 
since q\\/q± ^ 1 when {q\\/qY S> 1. 

When the current oscillates in the direction of the wire, it appears that the field inten- 
sity in the evanescent probe modes is very small. An appreciable amount of the radiated 
energy is stored in components in the region q\\/q ~ 1 (and in the propagating modes). 
To study the phase conjugation of evanescent modes it is therefore better to start from 
/o((o) = 7o(g>)?x or from 7o(g>) = Jo{'^)ez because these two probe current densities give 
rise to significant probe intensities in the evanescent regime. If we look at the curve in 
Fig. |11.7| representing the field at the surface of the phase conjugator when the probe is 
placed at zo — '^ = ?*-/256, /pmbe peaks in both these cases at q\\ jq ~ 50 in the evanescent 
regime. When the current density oscillates along the surface (in the x-direction) there is 
no singularity (and no peak) at q\\lq ~ 1, and the maximum value of /probe. occuring at 
q\\lq ~ 50, is three orders of magnitude larger than the probe intensities of every one of 
the propagating modes. Above q^jq ~ 50 the amplitude of the q\\ components descends 
rapidly and has lost six orders of magnitude within the next order of magnitude of q\\ jq. 
At larger probe to surface distances the maximum in the gy jq spectrum of the probe field 
at the vacuum/film interface is shifted downwards, and the magnitude becomes smaller, 
too. That is, compared to the raw pto p reflection coefficient, the intensity of each of the 
Fourier components available from the probe field begin their own falloff about one to 
two orders of magnitude before the reflection coefficient descends, depending on the dis- 
tance from the probe to the surface of the phase conjugator. The ^-polarized probe field 
starts the descending tendency already where the character of the Fourier components 
shifts from being propagating to evanescent (^j^ becoming imaginary), cf. the remarks 
above. 

Using a quantum wire as the source for the probe field, the angular spectrum of the 
phase conjugated response, normalized to the pump fields and the absolute square of the 
amplitude of the wire current density, is given by 

""^^^^'^ll) |7o((«)P = 7(1)7(2) !/o(co)P' ^''-'^^ 

and is obtained numerically by multiplying the energy reflection coefficient, 7?pc(z;^j|), 
with the normalized probe intensity, 7probe(— '5?;^||)/|-7()(g))P- In Fig. |11.8| , the angular 
spectrum at the vacuum/quantum-well interface (z = —d) given by Eq. ( |11.10D is shown 
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Figure 11.8: The convolution of the probe field from a wire source with the phase conjugation 
reflection coefficient at the vacuum/film interface is shown for different distances between the 
wire source and the vacuum/film interface, namely zo~d £ {X/16,A,/32,A,/64,A,/128,A,/256} 
as a function of the normalized probe wavenumber ^m /q. In the top figure the current density of 
the wire oscillates along the x-axis, and in the bottom figure along the y-axis. 



for the cases where 7o(g>) = Jo{c^)?x and 7o(g>) = Jo{(i))ey. It is plotted for the two- 
monolayer film, but since the main contribution is in the low end of the ^y /^-spectrum, 
the similar curves for the single-monolayer film would be indistinguishable from the 
ones plotted (apart from a factor of two in the ppp case). In both cases data are presented 
for the wire placed at different distances from the vacuum/film interface. By comparison 



with the raw reflection data in Fig. |11.2| it appears that the high end of the reflected ^||- 
spectrum is strongly damped. For the stop transition we see that the energy of the phase 
conjugated signal is concentrated around q\\/q = 1, which is mainly due to the fact that 
the concentration of the radiated energy spectrum from the wire lies around that same 
point. In the p to p transition the evanescent components are still by far dominating the 
response at the place of the wire compared to the propagating components. 



Chapter 12 



Two-dimensional confinement of light 
in front of a single-level quantum-well phase conjugator 

The possibility of compressing light in space to a degree (much) better than predictable 
by classical diffraction theory has gained widespread attention only with the birth of 
near-field optics ( |Pohl and Courjon 1993| ; Nieto-Vesperinas and Garcia 1996D . 

As stated in Chapter |I], sub-wavelength electrodynamics was discussed only sporadi- 
cally until near-field optics evolved in the mid-eighties in the wake of the experimental 
works by the groups of Pohl, Lewis, and Fischer (Pohl, Denk, and Lanz 1984]; Lewis, 



Isaacson, Harootunian, and Murray 1984; Fischer 1985). The first investigations are 



usually attributed to |Synge| , who presented a proposal for sub-wavelength microscopy 
as early as in 1928. The subject was studied again in 1944 by Bethe, by Bouwkarnp| 
in 1950, and a proposal much similar to that of Synge was made by 0'Keefe| in 1956. 



Using microwaves. Ash and Nichols resolved a grating with a linewidth of X/60 in 1972. 
In the wake of theoretical studies of the possibility for phase conjugating the field 



emitted from a mesoscopic object carried out by Keller (1992), creation of light foci 
with a diameter below the classical diffraction limit was demonstrated experimentally 



by Bozhevolnyi, Keller, and Smolyaninov (1994, 1995), who used the fibre tip of a near 
field optical microscope to create source spots of red light (633nm) in front of a photore- 
fractive FeiLiNbOa crystal, which acted as a phase conjugator. After creation, the phase 
conjugated replica of these light spots could be detected using the near field microscope, 
since they were maintained for approximately ten minutes because of the long memory 
of the phase conjugation process in the crystal. The resulting phase conjugated light foci 
had diameters of around 180nm, and the conclusion of their work was therefore that at 
least some of the evanescent field components of the source also must have been phase 
conjugated in order to achieve the observed size of the phase conjugated image. 

The above-mentioned observation drew renewed attention to the description of focus- 
ing of electromagnetic fields in front of phase conjugating mirrors, and required inclu- 
sion of evanescent modes in the description of the optical phase conjugation process. In 
an im portant paper, [Agarwal and Gupta (1995), extending an original idea of A garwal 



(1982), undertook an analysis of the phase conjugated replica of the field from a point 
particle as it is produced by a so-called ideal phase conjugator, and in recent articles by 
Keller ( 1996b[ , 1996c) attention was devoted to an investigation of microscopic aspects 



of the spatial confinement problem of the phase conjugated field. 

In the previous chapters, we developed a microscopic theory for optical phase con- 
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jugation by degenerate four-wave mixing in mesoscopic interaction volumes, with the 
aim of establishing a theoretical framework for inclusion of near field components in 
the analysis. In order for near field components to give a significant contribution to the 
phase conjugated response, the phase conjugation process must be effective in a surface 
layer of thickness (much) less than the optical wavelength. This makes quantum well 
systems particularly adequate candidates for the nonlinear mixing process. 

In this chapter we employ the developed microscopic theory to a study of the spa- 
tial confinement of an electromagnetic field emitted from an ideal line source (quantum 
wire with complete electron confinement), paying particular attention to the evanescent 
part of the angular spectrum. As phase conjugator a single-level metallic quantum well, 
particularly effective in phase conjugating evanescent field components, albeit with an 
overall small conversion efficiency, is used. The relevant expression for the phase con- 
jugated field is given and the result of a numerical calculation of the nonlinear energy 
reflection coefficient for a copper well presented. Finally, the intensity distribution of the 
phase conjugated field in the region between the line source and the phase conjugator is 
calculated and the two-dimensional spatial focusing investigated. 



12.1 Quantum wire as a two-dimensional point source 

As starting point, we consider a line source (quantum wire) placed parallel to the j-axis 
of a Cartesian coordinate system and cutting the jc-z-plane in the point (0, — zo)- In the 
description of the source we assume (i) perfect spatial electron confinement in the wire 
and (ii) constant current density along the wire at a given time. Choosing the wire current 
to oscillate along the x-direction, the above-mentioned assumptions lead to a harmonic 
source current density given by 

7*(r;(o) =7o((o)8W5(z + zo)?x, (12.1) 

where /o(k>) = ■/()(g>)?y is its possibly frequency dependent vectorial amplitude, ex being 
a unit vector in the x-direction. In order to calculate the phase conjugated response using 
the developed microscopic model we perform a Fourier analysis of the source field along 
the X-axis. The electric field of the quantum wire at the surface (z = —d) of the phase 
conjugating mirror thus becomes 

\ f°° ^ 
E{x,-d;(i)) = ——^ E{-d;q\\,(ii)e"^\\''dq\\, (12.2) 

where the parallel component of the probe wavevector lies along the x-axis, i.e., q\\ = 
q\\ex, and ( [Keller 1998D 



gil±{zo-d) 



^(-^'^11'^)^ 2S0CO 





-^11 



7o((o). (12.3) 
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Figure 12. 1: The angular spectral distribution of the field generated by a quantum wire at the 
surface of the phase conjugator is shown for the seven different distances zq — d £ {A,/4, A-/8, 
^/16,^/32,X/64,X/128,A,/256}of the wire from the phase conjugating film. Inserted is shown 
the scattering geometry. The film/substrate and vacuum/film interfaces are at z = and z — —d, 
respectively, and the wire crosses the jc-z-plane in the point {x,z) — (0, — zo)- As indicated by the 
double arrow the current oscillations of the wire is along the jc-direction. The arrows between the 
vacuum/film and film/substrate interfaces indicate the two pump wavevectors. The arrows drawn 
from the source towards the vacuum/film interface indicate the angular spreading of the source 
field. 



In Eq. ( |12.3| ), q± is determined from the vacuum dispersion relation for the field, i.e., 
q, where q = (o/co is the vacuum wavenumber. For propagating modes. 



zi + 



W 



(-7^ 



qiy''^ is real (and positive), whereas for 



satisfying the inequality {qu | < 17, ^j^ 

evanescent modes having \q^\\ > q, q± = i{q}, —q^Y^'^ is purely imaginary. To illus 
trate the angular spectral distribution of the field from the wire at the phase conjuga 
tor, we calculate the magnitude of the differential source (probe) field intensity, i.e. 
^^mhe{—d',q\\,(ii) = ^8oCo£(— (i;^||,co) •£*(— fif;^l|,(o)/(27i)^. FromEq. ( |12.3| ) one ob 
tains [Eq. dTT^)] 



A/probe (-^;?||) 

|/o((o)P 



1 



[@{l-[q\\/q))+@{{q\\/q)-\)[2{q\\/qf 
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X exp ( -2(zo - d)qJ{q\\ /qf - 1 



(12.4) 



where is the Heaviside unit step function. It appears from Eq. ( |12.4| ), that A/probe is 



independent of i^n for the propagating modes. In Fig. |12.1| , the normalized differential 
probe distribution A/pi.obe/|-/o(o)P is shown as a function of q\\/q for various distances 
ZQ — d between the wire and the vaccum/phase-conjugator interface. It is seen that the 
evanescent components tend to dominate the angular spectrum when Zo — d< 'k/4. 



12.2 Single-level metallic quantum-well phase conjugator 

We take as the active medium a metallic quantum well, and we describe the conduction 
electron dynamics using the infinite barrier model potential. While such a model poten- 
tial from a quantitative point of view of course is too naive, in particular in cases where 
the conduction electrons of the well are allowed to mix with those of a semiconducting 
or metallic substrate, it suffices in the present context. We further assume that only the 
lowest lying band is below the Fermi energy and that the photon energy is so small that 
interband transitions do not contribute to the electrodynamics. The quantum well is de- 
posited on a substi^ate that can be described alone by its refractive index n. Because of the 
chosen polarization of the wire current density we have limited the description to cover 
only the case where all interacting electric fields are polarized in the scattering plane 
(/^-polarization). Then, within the limits of a self-field approximation, the z-component 



of the phase conjugated field becomes [Eq. (10.28)] 



£pc,,(z;gii,a))= ;'''_ ' -r[cin-h) + cin+h 



l'^%^h(iP'ZN+me iq 



xE^^^^Ef^E^e-'i^', 



(12.5) 



where 



C{q\\ ±k\\) = -^ Wb^-a^Cil?-a{q\\±k\\) - ^J[b -a{q\\±k\\)f -a^a^l , (12.6) 

with a = h{q\\ ±k\\)/me and b = h{q\\ ±k\^\)^ /{Inie) —i/x. The quantity a is the ra- 
dius of the (two-dimensional) Fermi circle, given by a = [k^ — (ti/J)^]''^. Given the 
z-component of the phase conjugated field, the jc-component is also known, since the 
electric field must be transverse in vacuum. Above, —e and m^ are the electron charge 
and mass, respectively, CO and x are the cyclic frequency of the optical field and the elec- 
tron relaxation time, and ^|| > is the parallel component of the wavevector of pump 

field number 1 having a z-component e\ . The corresponding quantities for pump field 

(2) 

number 2 are — ^|| and El . When the two pump fields have numerically equal wavevec- 
tor components in the plane of the phase conjugator, conservation of momentum parallel 
to the surface implies that given angular components of the probe and phase conjugated 
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Figure 12.2: The phase conjugation energy reflection coefficient Rpc(c[n) = 7?pc(— c/,^||) is 
shown on a linear scale as a function of the probe wavevector component parallel to the film 
plane, normalized to the vacuum wavenumber The upper figure shows the result for a single 



monolayer (IML) copper film [linear plot of Fig. 11.1 (ppp)]. The lower figure gives the result 
for the two-monolayer (2ML) film [Unear plot of Fig. 11.2 (ppp)]. 



fields are counterpropagating along the surface. Moreover, Z is the number of conduc- 
tion electrons each atom in the quantum well contributes to the assumed free-electron 
gas, A'^+ is the number of atoms per unit volume in the quantum well, and kp is the 
Fermi wavenumber. Since the two pump fields are counterpropagating, the wavevec- 
tors of the probe field (^jj) and the phase conjugated field (^||) are related through the 

conservation of momentum, ^y + q\\ = 0. This property was used in the derivation of 
Eq. ( |12.5[ ). Thus, the z-component of the probe field in Eq. ( 12.3 ), £",, is given by 

^11 



E^ = J E;;{—d;q!,,(o)5{q!, +q^^)d q',,, where E^{—d;q',,,(o) is taken from Eq. ( 12.3 ) 
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12.3 Numerical results and discussion 

For the numerical calculation we consider a copper quantum well [d = 1.8 A (for single- 
monolayer film), respectively 3. 6 A (two monolayers), N^ = 8.47 x lO^^m^^ and Z = 1 
( Ashcroft and Mermin 197 (f )] deposited on a glass substrate with n = 1.51, giving ^m = 



1.51^ when the wavevectors of the pump fields are parallel to the x-axis. The wavelength 
of the light is chosen to be X = 106 Inm. For a glass substrate it is adequate to calculate 
the linear vaccum/substrate amplitude reflection coefficient r^ by means of the classical 
Fresnel formula r'^ = [n^q± — {n^q^ ~^n)^]/["^9± + ("^^^ ~qI)^]- I^i the view of the 



rece nt experimental data discussed in Section |11.1| (J alochowski, Strozak, and Zdyb 



1997), we have chosen an intraband relaxation time of x = 3fs for the electrons in the 
ultrathin quantum-well film. 

To give an impression of the efficiency of the phase conjugation process for the various 
evanescent modes, the nonlinear energy reflection coefficient of the phase conjugator at 



the vacuum/film interface, Rpc{q\\), is shown in Fig. |12.2| as a function of the parallel 
component (g||) of the probe wavevector for the two possible single-level quantum wells. 
It appears from this figure that in particular high spatial frequency components (10^ < 
q\\/q < 10^) are phase conjugated in an effective manner. This is associated with the fact 
that in a single-level quantum well the two-dimensional intraband electron dynamics 
along the plane of the well is responsible for the main part of the phase conjugation 
process. 

Using a square-potential barrier model to describe the quantum well the integra- 
tion limits should not extend beyond the (two-dimensional) Fermi wavenumber kf = 
[InZN^d + {Ti/d)^Y'^ for the single level quantum well. Looking at the phase conju- 



gation reflection coefficient shown in Fig. 12.2, we not only notice that the main con 



tribution to the phase conjugated signal is well above the point where the probe field 
becomes evanescent in vaccum, but also does not extend beyond the Fermi wavenum- 
ber. The phase conjugated image of our quantum-wire source field is then given by 

Epc{x,z;(0) = ^J ' Epciz;q\\,(0)e''ill''dq\\, (12.7) 

in the x-z-plane. 

It appears from Eq. ( 12.5 ), that the individual angular components of the phase con- 
jugated field decay exponentially with the distance from the phase conjugator in the 
evanescent part of the Fourier spectrum. The evanescent components of the source like- 
wise decay exponentially with the distance from the quantum wire. Therefore, the con- 
tribution from the evanescent components to the total phase conjugated field is expected 
to increase significantly when the distance between the source and the phase conjugator 
becomes smaller. Experimentally, it is feasible presently to carry out measurements at 
distances from the surface down to r^ 40A (using near-field microscopes). For the cho- 
sen system this leads to an intensity distribution in the x-z-plane between the probe and 
the phase conjugator as shown in Figs. |12.3| and |12.4| for different distances between the 
probe and the film, zo — d& IV^' 3X/16, X/S, 3X/32, X/16}, Fig. |12.3| corresponding 
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to the single-monolayer film and Fig. 12.4 to the two-monolayer film. For z.o — d> X/2, 



the effect of the near-field components are negligible. In both Figs. 12.3 and 12.4, the 
figures to the left show by equal-intensity contours the intensity distribution of the phase 
conjugated field in the area of the jc-z-plane between the quantum wire and the surface 
of the phase conjugator. The width (along the ;c-axis) of the shown area is in all cases 
twice the height (along the z-axis) on both sides of x = 0. The contours are drawn in an 
exponential sequence, so that if the first contour corresponds to the intensity /p^f the ?i-th 

contour is associated with the intensity /p^ = /p^ exp[(l — n)a], a varying from figure to 
figure. To further illustrate the capabilities of light focusing the chosen system possess, 
we have to the right on a linear scale shown the phase conjugated intensity at (i) the 
surface of the phase conjugator (solid lines) and (ii) along an axis parallel to the x-axis 
placed at the same distance from the phase conjugator as the wire (dashed lines). The 
two curves in each of the plots to the right are adjusted by multiplication of the curve in 



case (ii) by a factor of (a) 2590, (b) 545, (c) 271, (d) 353, and (e) 586 in Fig. |12J, and 
by a factor of (a) 555, (b) 212, (c) 204, (d) 322, and (e) 528 in Fig. [ITl respectively, so 
that the maximum values coincide in the plots. 



It is seen from Figs. |12.3| and |12.4| that the width of the focus created by the phase 
conjugated field in all cases is smallest at the surface of the phase conjugator. Further- 
more one observe that the focus becomes narrower when the distance between the source 
and the film becomes smaller, as one should expect when evanescent field components 
give a significant contribution to the process. At the surface the width of the main peak 
decreases roughly by a factor of two every time the source-film distance decreases by 
the same factor. This tendency continues closer to the surface of the phase conjugator, at 
least down to around X/256 ^ 4nm, where the structure of the intensity distribution looks 
more or less like Fig. |l2.3| .e [and Fig. |l2.4 .e], scaled appropriately with the distance. 

The difference between the ability of the single-monolayer film and the two-mono- 
layer film to focus the field emitted from the source is small, as we would expect from 



the analysis in the previous chapter. We observe from Fig. |12.3| that when the source is 
far away from the film (a-b), the intensity of the phase conjugated field decays faster 
in the case of a single-monolayer film than in the other case. Furthermore, we observe 
that the width of the centre peak is somewhat smaller for the focus in front of the single- 
monolayer phase conjugator, and that the height of the first sidelobe is slightly higher 
compared to the centre peak. Taking the source closer to the surface (c-e) we observe 



that the distance between minima in Fig. |12.3| is still smaller than in Fig. |12.4| , but that 
the width of the centre peak becomes more and more equal in the two cases. 

To give an impression of the size of the phase conjugated focus, let us take a look 
at Fig. 12.4 .e, where the distance from the probe to the surface is X/16 f« 66nm. The 
distance between the two minima at the surface of the phase conjugator is in this case 
around 40nm (approximately X/25). In the plane of the probe the distance between the 
two minima is around lOOnm (~ X/10). 
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Z| A./4 




Figure 12.3: The intensity of the phase conjugated field from a quantum wire is plotted for 
different distances between the wire and the surface of a single-monolayer copper quantum-well 
phase conjugator. The figures to the left show lines of equal intensity on a logarithmic scale of the 
phase conjugated intensity in the x-z-plane between the surface of the phase conjugator and the 
wire. The figures to the right show the phase conjugated intensity (i) at the surface of the phase 
conjugator (solid lines) and (ii) at the height of the wire, z — — Zo (dashed lines). The intensity 
in these figures is plotted on a linear scale (arbitrary units). In order to make the two curves in 
these plots comparable, the curve associated with case (ii) has been multiplied by a factor of (a) 
2590, (b) 545, (c) 271, (d) 353, and (e) 586. The sets of figures are shown for distances zo — <^ of 
(a) A,/4, (b) 3A,/16, (c) A,/8, (d) 3X/32, and (e) X/16 between the quantum wire and the surface 
of the phase conjugating mirror. 
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Figure 12.4: The intensity of the phase conjugated field from a quantum wire is plotted for 
different distances between the wire and the surface of a two-monolayer copper quantum-well 
phase conjugator. The figures to the left show lines of equal intensity on a logarithmic scale of the 
phase conjugated intensity in the x-z-plane between the surface of the phase conjugator and the 
wire. The figures to the right show the phase conjugated intensity (i) at the surface of the phase 
conjugator (solid lines) and (ii) at the height of the wire, z ~ — Zo (dashed lines). The intensity 
in these figures is plotted on a linear scale (arbitrary units). In order to make the two curves in 
these plots comparable, the curve associated with case (ii) has been multiplied by a factor of (a) 
555, (b) 212, (c) 204, (d) 322, and (e) 528. The sets of figures are shown for distances zo ^ "^ of 
(a) A,/4, (b) 3^16, (c) X/8, (d) 3X/32, and (e) X/16 between the quantum wire and the surface 
of the phase conjugating mirror. 
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Chapter 13 



Discussion 



We have in the previous three chapters discussed the phase conjugation response of a 
single-level quantum well, where only intraband transitions are possible. It is evident 
from our analysis that in this case the phase conjugated response depends strongly on 
the component of the probe wavevector that is parallel to the surface of the phase con- 
jugator (^11 ). Consequently, the assumption of an ideal phase conjugator with constant 
reflection coefficient throughout the full ^y -spectrum must be abandoned, at least when 
a single-level quantum- well phase conjugator is considered. The nonlinear coupling is 
strongest in the evanescent part of the ^|| -spectrum above the point up to which the probe 
field is propagating in the substrate {q\\/q = n). As a consequence, if one wants to ob- 
serve the phase conjugation of a broad Fourier spectrum of evanescent modes, both the 
observation and the excitation are required to take place near the surface of the phase 
conjugator. 

As a possible method to excite the Fourier components in the high end of the q\\- 
spectrum we have analyzed the consequences of using a quantum wire. When the quan- 
tum wire is placed close to the phase conjugator the phase conjugated response contains 
a broad range of evanescent components. This property made it a good candidate for 
investigations of the problem of focusing light to a spatial extent less than the Rayleigh 
limit. The spatial focusing of the phase conjugated response from a quantum wire was 
studied, and the problem of the resolution limit has been addressed. The conclusion of 
this study is in agreement with previous studies and mainly shows that the focus gets 
narrower when the distance from the quantum wire to the phase conjugator gets shorter. 
Judging from this we may conclude that in order to establish a better estimate of the 
limit of resolution the present model has to be improved, since continuing to get closer 
becomes meaningless at some point. 

In examining the phase conjugation response of the single-level quantum well we 
have chosen a specific frequency of the interacting electromagnetic fields, which should 
be feasible for an experiment. It would be interesting to give a more detailed account 
of how (i) the phase conjugated response and (ii) the focusing of the phase conjugated 
field varies with the frequency. These properties will not be discussed in detail in this 
dissertation, but let us at this point just mention that (i) it seems like the evanescent 
components in the high end of the Fourier spectrum becomes better phase conjugated 
when the interacting fields move to longer wavelengths, and (ii) the spatial distance 
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between minima in the intensity of the phase conjugated response when using a quantum 
wire becomes smaller when measured in fractions of the wavelength. Going to shorter 
wavelengths, the tendency goes in the opposite direction. 
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Chapter 14 



Theoretical properties 



From the simple description of a quantum well where only intraband transitions con- 
tributed to the phase conjugated response we now turn our attention to the case where 
transitions between energy levels in the quantum well (interband transitions) can take 
place. In this chapter we therefore give the theoretical description that is necessary to 
describe the phase conjugated response from a quantum well where both interband and 
intraband transitions contribute to the response. In the following we adopt the same scat- 
tering geometry as in the previous treatment, i.e., scattering takes place in the x-z-plane 
and we use light that is polarized either in (/j-polarized) or perpendicular to (s-polarized) 
the scattering plane. 



14.1 Phase conjugated field 

Unlike in the case of a single-level quantum well, we cannot rely on the self-field ap- 
proximation when considering multi-level quantum wells (with resonances). We there- 
fore begin this treatment with the loop equation for the phase conjugated field in the 
two-dimensional Fourier space [Eq. ( |8.24 )]. It is repeated here for convenience: 



Epc{z;q\\,0)) = Epc{z;q\\,0)) 

-i^ow // G{z,z";q\\,(0) -0(1' ,z;q\\,(0) ■Epc{z;q\\,(0)dz"dz . (14.1) 

The background field in Eq. ( |14.1[ ) is given by 

£^c(z;^lh«) = -i^io(o G{z,z';q\\,(o)-fJi{z;q\\,(o)dz', (14.2) 

and can be determined from the previous analysis. The linear conductivity tensor con- 
sists in general of a diamagnetic and a paramagnetic part (see the discussion in Chap- 
ters H and ^. It is, however, possible to combine the two parts in such a way that the 
diamagnetic conductivity tensor can be written as a correction to the paramagnetic one 
( Keller 1996a , 1997a , 1997b| ). Then the expression for the total linear conductivity ten- 



sor becomes 

Cir,f-C0) = -^W^I^U7)^JU7'), (14.3) 



iCO h Z^ (bfim ^nm — ^ 



nm 
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the correction from the diamagnetic term to the paramagnetic response being the factor 
co/g),,,,,, which close to resonance becomes 1. In the two-dimensional mixed Fourier 
space this is 

(O fn{^+q\\)-fm 



g. ,.^ ,21 1 ^/- (0 /„(K||+^||)-/;„(K 



xjnm (z; 2iC|| +q\\)® Jmn{z; 2iC|| + q^ )fif^K|| . 

The transition frequency appearing in Eq. ( |14.4| ) is 

1 r ff 

G)«m (K|| + q\\ ' i^ll ) = -^ ^n- ^'" + 2^ {^^xqx + qj) 

which by insertion into Eq. ( 14.4 ) gives the five nonzero elements of the linear conduc- 
tivity tensor 



(14.4) 



(14.5) 



n 



a^{z,z;q\\,(o)=J^(imqil,a)z^„^iz)z'^„{z'), 

nm 

0^,{z,Z\q\\M = -iY,Cimn{q\\MZ'l,n{z)Zl 
nm 

Oyy{z,Z;q\\ , (O) = £ (l7miq\\ , 0^)Zn,niz)Z^^„(z'), 
nm 

O,jc{z,Z;q\\,(0) = -iY,Qfnm{q\\MZ'lm{z)Z] 
nm 

<^zz{z,Z\q\\M = -Y^Ci'nm{q\\MZ'lm{z)zl,n{z), 
nm 

where we for the sake of notational simplicity have divided the total expression for each 
element into a z-dependent part and a z-independent part, the z-independent quantities 
being 



'mn\^ 7> 



'mn\Z j) 



(14.6) 
(14.7) 
(14.8) 
(14.9) 
(14.10) 



4K^+4K,g;,- + ^^ 



jfjc .^ . _ 2//i / eh \ r 
^nm{qh(^) = -^ [^-^J 7 e^ _ e^ + n(2K,q, + q^)/{2m,) - ih/x„ 



X 



/„(iC||+^ll)-/,„(iC||) 

U li L^ W Kll 

£h - £m + K^^xqx + ql)/{^me) - ih/Xnm - ^ 

2Kx + q_ 



(14.11) 



2ih ( eh\ 



X- 



(27l)2 \2me J J En- £,„ + h{2K^qx + ql)/{2me) - ih/x„ 
/„(ic||+^ll)-/,„(ic|f 



J ii' \ \\ ' J \\ / J rn \-^\\ / ') 
LI U U /7 ICll 

;„ - S,„ + h{2K.xqx + ql)/{2me) - ih/Xnm - to 



(14.12) 



vv .^ ^ 2/n / ehV r 4k2 



X' 



(27l)2 y2mj J £„ - £„, + h{2Kj,qj, + qf)/{2me) - ih/x,, 
/„(iC||+^ll)-/,„(iC|f 



U U U /7 ICii 

:„ - £,„ + h{2Kxqx + ql)/{2me) - ih/Xnm - to 



(14.13) 



'^"'"^^" ' "^ " (271)2 V2m, J J en-em + h{2Kxqx + ql)/{2m,) - ih/x„ 
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/„(iC||+^ll)-/,„(iC|| 



£n - Em + K^^xqx + ^.?)/(2me) - ifl/Xnm - to 



(i^K||, 



(14.14) 



since Q,^^^(iC||,(o) = Qj^„X^\\,(ii). The z-dependent quantities in Eqs. ( |14.6| )-( |14.10| ) 
above are 






(14.15) 

. T«v^. . • (14.16) 

oz az 

Eqs. (14. 11)-( |14. 14 ) has the solutions given in Appendix ^ section C.12 in terms of 
the analytic solution to the integrals given in Appendix ^. Inserting this solution into 



Eq. (|141|), we get 

£pc(z;^ll,(o) =£pc(z;^||,(o)+Xlf„m(z;^||,co)-f„„(^ll,(o), (14.17) 

mil 

in which we have introduced the 3 x 3 tensor F„„,(z;^|| ,(o) with the nonzero elements 

-/q,^^^(^I|,(o)|g,,(z,z";^I|,(o)2L(z")^z"}, (14.18) 

Km{z\qh^) = m^UoS'nminM j Gxx{z,z"\q\\,(ii)Km{z')dz" 



+Qj^nm{q\\M j Gxz{z,z";q\\,(i))z;^{z")dz" \ , 



P'Ziz;q\\,oy) = -iA/o(OQ,]7m(^ih») / Gyy{z,z";q\\,(i))z^^,„{z")dz", 

PSn{z\q\\M = -^FZ{z;q\\M, 
qi- 

q\\ 

F^(.z;q\i,(i)) = ^f;^(z;^||,(o), 
qi- 



(14.19) 

(14.20) 
(14.21) 
(14.22) 



and the vector 



,(0) 



zLiz)Epc4z';q\\,(i))dz' 



zUz')E?cyi^';qil,(o)dz' 

^j Z,',„n{z!)EYC,z{z;q\\,(ii)dz! ^ 
can be determined from the following set of algebraic equations: 

fmn(?||,(0)-£^l(?||,(0)-fv/(^||,(0)=a^„(^||,(0). 



(14.23) 



(14.24) 



Since we may now determine the different Y values independently of their dependence 
on the phase conjugated field, £pc(z; ^11,(0), we have by this operation kept the self- 



consistency in Eq. ( 14. 17 ), but the problem of solution has been reduced to a problem of 
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solving a linear algebraic set of equations with just as many unknowns. This problem can 
be treated as a matrix problem and is thus in principle fairly easy to solve numerically. 



In Eq. ( |14.24| ) above, the vectorial quantity n^n is given by 

^m«(^||,G>; 



/ /2^„(z)£fc,.v(z;^ih«)^z^ 



7 



2m«(z)^PC,y(z;?|h»)^Z 

and the 3x3 tensorial quantity K^m^{q\\ , ro) has the five nonzero elements 

,(i>)= J zLiz)Fj',^iz;q\\,(o)dz, 



(14.25) 



xx,mn VT I 
xz,mn\^\\ 



K 



vl 
yy,mn 



{% 



SCjmnvy II 
zz,nin\H\ 



M = — f z'^n{z)Fh{z;qii,(o)dz, 
M = ^ I z'Uz)Fl;{z;q\\Mdz. 



(14.26) 
(14.27) 
(14.28) 
(14.29) 
(14.30) 



If we limit our treatment to polarized light perpendicular to the scattering plane {s) and 
in the scattering plane {p), we get for 5-polarized light the set of equations 



^ y,mn 7 ,^vvmn^ V.vl — ^'^ 



y,mn j 



(14.31) 



which is mxn equations with just as many unknowns, and for p-polarized light the set 
of equations 



r 
r 



x,mn 2^ \^xx,mn 

vl ^ 



A x,vl + J^xz,mn'' z,vl 



M 



z,mn 2^ I J^zx,mn'' xM + ^zz,mn^ z,vl 



■ ^^x.mnj 



(14.32) 
(14.33) 



which is 2m x n equations with just as many unknowns. 



14.2 Infinite barrier quantum well 

Applying the infinite barrier quantum well to the above formalism, we are able to de- 
termine the integrals over the Cartesian coordinates in explicit form. The wave function 
constructs Z (z) becomes in the infinite barrier model 



rx,m 



^nm (z) 



«4 

J2 



COS 



.n — m)Kz 



cos 



[n — m)sin 



[n + mmz 



[n + mmz 



(w + m)sm 



[n — m)%z 



(14.34) 



(14.35) 
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With this result the integrals over the source region apperaing in Eqs. ( |14.18[ )- ( |14.22D 
and ( 14.26| )-( 14.30) can be solved (see Appendix ^), and the K quantities thus become 

Sn'^nmlvq^d [l -^'^^^(-1 )"+'"] 



k: 



i(^ih» 






■!e{f-V^)q\\ 



(itinMri_d + (ifMwM 



K'imninM 



Sn'^inmlvq^d [l - e'^^^'' (-1)"+'"] 
£o(i)[{iq±dY + 7l^(« - m)2] [{iq^dy +ll^{n + m)^] 



l+rP 



,-iqj^d _|_ j.p^iq±d 



-1) 



l+v 



[{iqi_dY + 7l2(/ - v)2] [(iq^df +%\l + v)2] 

%^{f-v^)q\\ 



citin^^)(iid+cifM\\M- 



S%'^^onmlvO)q^d^[e''>^''{-\)"+'" - 1] 



1 _ ^- _ (g-il±d _ jJ^iq^d\ C_n/+v 



n + m) 



Kx,mn{^i^ 



[{iq^dY + 7l2(/ - v)2] [(/^^^)2 + 7l2(/ + v)2] 

iTl^ilv 4n'^nm{n^ -m^)[e''i^'^{-l)"+"' - 1] 



1+rP- 



SoCO d[{iq±dY + n^{n- niY] [{iq^dY +n'^{n + mY] 

(p-iq^d _i_ rPf'q±d 



^j.Pgiq±d^_yy+v 



[{iq^dY + tC{1- v)2] [{iq^dY + 7l2(/ + v)2] 

7l2(/2_v2)^|| 



xsQ.!v(^lh»ki^ + Q.Iv(^lh») 



c 



hto) 



1 + rP - (e 



27l2//v 47l'^?im(?i2 -m2)[£'''/-L"'(-l)«+'" - 1] 

SoCO d[{iq^dY +Tl^{n- mY] [{iq±dY + 7I^(« + mY] 



[{iq^dY + Tl\l- vY] [{iq±dY +n\l + v)2] 

7l2(/2_v2)^|| 



'Q./v(^lhw)'?i^-Q./v(^lh®) 



/(i 



(14.36) 



(14.37) 



(14.38) 



(14.39) 



(14.40) 



To find D.mn{q\\,(ii) is in general a much more difficult task, but insertion of the expres- 
sion for EpQ{z;q\\ , co) gives 

/•O /■Op ^ ,2> 

J —d J —d L 



(3) 



+Gxz{z,z;q\\)Jli/z';q\\) dz'dz 



(14.41) 
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a 



•y,mn \ 



,(0 



A^ioOyj\-^„{z)j'^Gyy{z,z';q\\)J%{z';q\\W (14.42) 



a. 



i(^ih«) 



-1^0(0 

(3) 



^nm(z] 



dq± 



(3) 



Gxx{z,z';q\\)r_ij,{z';q\\ 



+G_r,{z,z;q\\)JLi^,{z;q\\) 



dzdz- 



(14.43) 



These integrals can by insertion of the propagators and the wave functions be solved for 
the integral over z, and thus we find 



^x,m«(^||,(0) 



2%^inmq^d [e'l^-^ {- 1)"+'" - l] 



eoOi[{iq±dy +n'^{n + m)^] [{iq±dy + n'^{n- m) 



r 



,'?±z . 



,(3 



(3) 



a 



'y,mn \ 



X 



,(0 



rPe-''^-') J%{z; q\\ ) + q\i {e'^-' + rPe-'^-^) J%iz; ?|| ) 
iTihuQ^nmd [e''/^^(-l)"+'" - l] 







Q. 



-d 

'Z,mn\q\\ 1 K) 
X 



[{iqi_dY +%^{n + m)^] [{iq±d)^ +n'^{n- m)2] 
e'i^^ + r'e-'''^')j%.iz;qii)dz, 



dz, 
(14.44) 

(14.45) 



\m+n 



ZQ(}id[{iq^dY+'!l^{n + mY][{iq^dY+'!l^{n-m) 



a'9±Z . 



^1 



rPe-i^^^) /_:\_^{z; ^|| ) + -^ {e'''^' + rPe'''^^') J%iz:, q 



(3) 



q± 



dz, 
(14.46) 



where we have dropped the now superfluous marking z' in favor of a new z- Since the 
z-dependence of Jl(l{z', q\\ ) is expressed via the interacting fields and the wave functions, 
and we are limiting ourselves to studies where (i) the pump fields are parallel to either 
the X-axis or the z-axis and with uniform amplitude profile along that axis, and (ii) the 
probe field has only one plane-wave component on the form E{z;q\\) = Ee"^^-, the last 
integral above can be solved. This solution is discussed in Appendix ^, sections Q^ and 



Thus, in Eq. ( 14.24), all ^'s and H's are numbers with no inline integrals to solve 
numerically. 



Chapter 15 



Numerical results for a two-level quantum well 



Besides calculation of the nonlinear current densities, the main numerical work consists 



of finding the solution to the appropriate sets of equations, given by Eq. (14.31) for 
processes with i'-polarized response, and Eqs. ( 14.32 ) and ( 14.33D for processes with 
p-polarized response. Computational procedures to solve this kind of problems are well 
known (see, e.g.. Press, Teukolsky, Vetterling, and Flannery 1992 , |1996a| , 1996b for 
description and Fortran routines). 



15.1 Phase conjugation reflection coefficient 



To estimate the amount of light we get back through the phase conjugated channel, we 
use the phase conjugation reflection coefficient Rpc{z', q\i) d efined in Eq. ( |11.1[ ) together 
with the expression for the intensities given by Eq. ( |11.2| ). As before, the reflection 
coefficient at the surface of the quantum well is thus RY>c{—d;q\\). 

In order to give an impression of the difference between the calculation where only 
intraband contributions were taken into account (chapter |ll|) the present calculation is 
also based on the data for a two-monolayer thick copper quantum well [A'^+ = 8.47 x 
10^*^m"^, Z = 1, and d = 3.8A ( |Ashcroft and Mermin 1976| )]. As was the case for 
the single-level Cu quantum well, the two-level Cu quantum well can adequately be 
deposited on a glass substrate for which we use a refractive index n of 1.51. With this 
substrate, a reasonable description of the linear vaccum/substrate amplitude reflection 
coefficients (r^ for the /^-polarized light and r' for the ^-polarized light) can be obtained 



by use of the classical Fresnel formulae, given by Eq. (11.3) and 



q± 



(nV 



-^)^ 



q± + (n 



2„2 



q -q\\ 



2\^ 



(15.1) 



Keeping the pump fields parallel to the x-axis, we get a pump wavenumber k\\ = l.5lq. 
In Figs. 15.1 and 15.2 we have plotted the phase conjugation reflection coefficient at 
the interface between the vacuum and the quantum well as a function of the parallel com- 
ponent of the wavevector normalized to the vacuum wavenumber, qn/q. The wavelength 
has in these plots been fixed to X = 1061nm (the same as in the single-level case). The 
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Figure 15.1: The phase conjugation reflection coefficient at the vaccum/quantum-well interface 
is plotted as a function of the normalized component of the probe wavevector along the surface, 
q\\/q, for the four combinations of polarization of the three interacting fields, in which the two 
pump fields have the same polarization {ppp, sss, ssp, and pps), corresponding to the four dia- 



grams shown in Fig. 9.2. The vertical line indicates the normalized Fermi wavenumber, which 
for the two-monolayer Cu quantum well is 2.78 x 10^. The set of arrows labeled n are placed at 

q\\ = nq. 



plots have been divided into two sets, together covering all eight different combinations 



of polarization of the interacting fields. In Fig. 15.1 is plotted the four combinations 
leading to a response with the same state of polarization as the probe, i.e., (i) the purely 
/7-polarized case where all interacting fields are polarized in the scattering plane (denoted 
ppp), (ii) the purely i'-polarized {sss) case where all three interacting fields are polarized 
perpendicular to the scattering plane, (iii) the case where the two pump fields both are p- 
polarized and the probe field is ^-polarized {pps), and (iv) the case where the probe field 
is /7-polarized and the two pump fields are i^-polarized {ssp). The results for the other 
four combinations of polarization has been plotted in pairs in Fig. 15. 2[ The upper figure 



in Fig. [15. 2| shows the two cases where the pump fields are differently polarized and the 
probe field is i^-polarized, while in the lower figure, the probe field is /7-polarized, still 



with differently polarized pump fields. The vertical line inserted into Figs. |15.1| and |15.2 
indicates the normalized Fermi wavenumber, which for the two-monolayer Cu quantum 
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Figure 15.2: Same parameters as in Fig. 15.1 , but for the other four polarization combinations 



(see Fig. |9.3| ). The upper figure shows the responses where i-polarized probe gives /^-polarized 
response [pss (solid line) and sps (dotted line)]. The lower figure shows the opposite cases {psp 
(solid line) and psp (dotted line)]. Further explanation can be found in the main text. 
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Figure 15.3: The phase conjugation reflection coefficient at the vaccum/quantum-well interface 
is plotted as a function of the optical frequency normalized to the transition frequency of the 
two-level quantum well, (0/0)12, for the four combinations of polarization of the three interact- 
ing fields which have equal pump field polarization {ppp, sss, ssp, and pps). The transition 
frequency CO12 in the present case is CO12 = 1-32 x lO'^rad/s, corresponding to a wavelength of 
A- = 142.4nm. The vertical line indicates A- = 1061nm, the point in the frequency spectrum where 
Figs. |11.1| and 11.2 have been drawn. 



well is 2.78 x 10 . The discussion of this quantity has been given in chapter 11 (in the 



paragraph starting at the end of page 78). 

In addition to the plots in Figs. 15.1 and |15.2 , where the phase conjugation reflection 
coefficient was plotted as a function of q\\/q, we have in Figs. 15.3 and 15.4 plotted the 
phase conjugation reflection coefficient as a function of the optical frequency normalized 
to the interband transition frequency, 00/0012 . The parallel component of the wavevector 
has in this case been fixed at ^n = O.Sq (in the propagating regime). Again, the four 
cases of pump fields having the same polarization are plotted in the first of the two 



figures (Fig. |15.3| ), and the remaining four in the other figure (Fig. |15.4| ). 



All plots in Figs. |15.lHl5.4| have been plotted using a relaxation time of 200fs in the 
interband transition from the occupied state to the unoccupied state and a relaxation time 
of 3fs within the intraband transitions of the occupied state. Unlike in the case of pure 
intraband response, the choice of adequate relaxation times seem less important in the 
two-level quantum-well case. Changing either of the relaxation times (or both) an order 
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Figure 15.4: Same parameters as in Fig. 15. 3| , but for the other four polarization combinations. 
The upper figure shows the responses where .s-polarized probe gives /9-polarized response [pss 
(solid fine) and sps (dotted line)]. The lower figure shows the opposite cases [psp (solid line) 
and spp (dotted fine)]. For further explanation, please consult the main text. 
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of magnitude up or down doesn't change the results shown in Figs. |15.1[ - |15.4| so much 
that the two curves for the respective choices of relaxation times would differ from each 



other, as it was the case in the single-level quantum well (see Fig. 11.4). 



Returning our attention to Fig. |15.1| , we observe that the purely jc-polarized combi- 
nation of polarization gives the strongest phase conjugated response while the purely 
5-polarized combination gives the weakest response of the four. Looking at the ppp 
curve, we see that the maximum value is reached in the propagating regime of the 
^11 /^-spectrum, where two peaks occur approximately at the values of q\\ =0.18^ and 
^11 = 0.22q. These peaks must be due to the pump waves being /j-polarized, since they 
also occur in the pps configuration, but in neither of the sss and ssp configurations. In 
the evanescent regime the ppp curve is increasing from the point g|[ = nq until it reaches 
its maximal value at around q\\ = lO^q. Above ^|| = 10^^, the ppp response starts de- 
caying again. The pps curve in Fig. 15.1 has, apart from the two peaks discussed above, 
two additional peaks occuring symmetrically around the point nq in the ^|| -spectrum, at 
approximately gy = 1.1^ and q\\ = l.9q, respectively. After the second of these peaks, 
the amplitude of the response fades away with growing values of ^||. The ssp curve has 
a maximum when the probe field is perpendicularly incident on the phase conjugator 
iq\\/q = 0), and another one where the probe field becomes evanescent in the substrate, 
i.e., at ^11 = nq. In the evanescent regime of the q\\ /q-spectium the response is increasing, 
with two small narrow peaks occuring at ^|| ?a 10^ and q^\ R^ I3q, and it reaches a max- 
imum at ^11 Rr: 2 X 10^, and after going down to a minimum right after kf/q it increases 
again. This indicates that if we are able to produce probe fields with a significant amount 
of evanescent modes above kf/q, the present model is probably not sufficient to describe 
the ssp response (and maybe not sufficient to describe the ppp response either). The last 



of the curves in Fig. 15.1 represents the purely i'-polarized case (sss). It has maxima at 
q\^/q = 0, and again at q^\/q = n. Above ^y = nq it falls off rapidly. 

Looking at the ^|| /^-spectrum of the phase conjugated response in the other four com- 
binations of polarization, depicted in Fig. 15. 2| , we see that both pairs have peaks in the 
propagating regime of the ^|| /^-spectrum at the same places as the ppp and pps curves 
of Fig. |15.1| had. Another peak appears when gy = nq, and in the purely evanescent part 
of the ^11 /^-spectrum peaks appear at ^|| ?a 10^ and ^y ?a 13^, the same places as in the 
ssp response shown in Fig. 15. 1 . After these two peaks the responses of the pss/sps-pair 
increases until they reach their maximum at around ^|[ = 5 x 10^, after which they de- 
crease again. This maximum is comparable in magnitude to the peaks in the propagating 
end of the gn /^-spectrum. We observe that the two curves in each of the pairs shown 



in Fig. |15.2| becomes identical for high values of ^j|, as they should from the previous 
analysis. The spp/psp-paii of curves also starts increasing in magnitude in the high end 
of the ^ii/g-spectrum showed. They reach their maximum at around ^n = 2.5 x 10^ q, 
after which the magnitude decreases again. In this case, however, the magnitude of this 
maximum is some fifteen orders of magnitude less than the magnitude of the peaks in 
the propagating regime. The problem in the sps/pss-pair of curves is that the maximal 
value is reached after the point q\\ = kf/q, and the conclusion must therefore be the same 
as in the ssp case, namely that if the probe has components of significance in the high 
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end of the q\\ /^-spectrum, then the model should probably be extended in one way or 
another. 

Continuing to the frequency plots, we observe from Fig. 15. 3| that the two cases where 



both pump fields are ^-polarized has no resonances at all. Their decrease in magnitude 
as the frequency increases is mainly due to the factor of co^'' occuring in the nonlinear 
conductivity tensor. The ppp curve has a peak of high magnitude at CO « (O12/3, a small 
one at CO = CO12, and a large one again at CO ss I.ICO12. The pps curve has a peak of 
small magnitude at CO = 0.3c0i2, two large ones at CO ?« CO12/3 and at CO ?s I.ICO12, and 
finally a small one at CO f« 3.2c0i2. The peaks around CO ^ CO12 probably arise from the 
combination of the denominators in the nonlinear conductivity tensors, but none of the 
peaks have been clearly identified from the formulas yet. Going to any of the two sides in 
the frequency spectrum away from this group of resonances, the curves behave like the 
sss and ssp curves, with the magnitude proportional to co^^. The frequency plots for the 
two pairs of polarization combinations where the pump fields are differently polarized 



(Fig. 15.4) have resonances with the approximate values of C0/CO12 of 1/3, 1/2, 2/3, 1, 
1.1, and 2. Like in the previous case, these peaks have not been clearly identified from 
the formulas yet. Again one might assume that the peaks at 1 and 1 . 1 arise directly from 
(some of) the denominators in the nonlinear conductivity tensors. As before, outside of 
the shown frequency range, the behaviour of the response is proportional to co^^. The 
results presented in this chapter will be treated more thoroughly in a forthcoming paper. 
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Chapter 16 



Discussion 



In the past two chapter we have briefly shown how to calculate the phase conjugated 
response from a multilevel quantum well and given numerical results for a two-level 
quantum well. As we concluded in the single-level quantum-well case, the assumption 
of an ideal phase conjugator also does not hold for a two-level quantum-well phase 
conjugator. In this case, however, it is not so much because of the efficiency in the high 
end of the ^y -spectrum, since in most of the cases shown in chapter |T5| the efficiency in 
the evanescent regime is not so much larger than in the propagating regime. It is more 
because the two-level phase conjugator is much more efficient for certain values of ^|j 
than for the rest of the spectrum. 

However, before we can give a full description of the phase conjugated response from 
multi-level quantum wells, some aspects has to be addressed. Among the important ones 
are the fact that we need to identify (i) which terms of the nonlinear conductivity tensor 
that are dominating the phase conjugation response, and if it is possible by a careful 
choice of the system to make different terms dominate. Furthermore (ii) it is desirable 
to find out more precisely which individual terms in the nonlinear conductivity tensor 



gives rise to each of the peaks occuring in the curves in Figs. 15.1-15.4 Many other 



things has to be investigated, for example (i) the behaviour of the response close to the 



peaks in Figs. |15.1| - |15.4 both in the frequency spectrum and in the ^|| -spectrum, (ii) the 
frequency dependence in general, and (iii) the response to sources with a large number of 
Fourier components in the ^|| -spectrum, such as the quantum wire discussed in Chapter 
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Summary of conclusions 

We have developed a spatially nonlocal theoretical model of degenerate four-wave mix- 
ing of electromagnetic fields on the mesoscopic length scale. We have analyzed the 
physical processes involved in creating the DFWM response and identified the inde- 
pendent nonzero elements of the related conductivity tensor for each type of process. 
Following the more general treatment in real space we have specialized the treatment 
to take into account only cases where translational invariance against displacements in 
two of the three spatial dimensions occur, thereby favouring a description in which the 
optical processes occur in surfaces and thin films of condensed matter. 

As a consequence of this choice we have transformed the response function into 
Fourier space in two spatial coordinates, keeping the real-space coordinate in the third 
dimension. From there, the emphasis has been laid on phase conjugation, although the 
more general DFWM response tensor has been carried out in this mixed Fourier space 
as well. The emphasis on phase conjugation was realized by the choice of letting two of 
the interacting fields be spatially counterpropagating. Letting the two counterpropagat- 
ing fields act as pump fields in the phase conjugation process, the third of the interacting 
fields became what we have referred to as the probe field. 

The choice of a scattering geometry in which the pump fields were taken to be un- 
damped plane waves traveling parallel to the translationally invariant plane resulted in a 
description where the main effort could be concentrated on studying the response due to 
the probe field, thus letting the pump fields effectively being a part of the phase conjuga- 
tor. We concluded that using different combinations of light polarized in the scattering 
plane or perpendicular to this plane lead to different properties of the phase conjugated 
field compared to the incoming probe field, including changes in polarization in some 
cases. 

Using the developed model on a single-level metallic quantum-well phase conjugator 
we have shown that the phase-conjugation reflection coefficient behaves quite differently 
from the uniform reflection coefficient that has often been assumed in previous studies 



where evanescent components have been included (Agarwal and Gupta 1995; Keller 



1992). The response in the high end of the ^|| -spectrum turned out to be as much as ten 
orders of magnitude larger than in the propagating regime. Subsequently, it was shown 
that by use of the single-level phase conjugator it was possible to phase conjugate light 
emitted from a subwavelength source in the vicinity of the phase conjugator, and that 
the phase conjugated light at the plane parallel to the phase conjugator, where the source 
has been placed, has a subwavelength distance between the minima in the intensity. 
Consistent with another recent prediction ([Bozhevolnyi 1997; Bozhevolnyi and Vohnsen 



1997) we have observed that the smallest distance between the two minima surrounding 
the main lobe in the phase conjugated field occur at the surface of the phase conjugator. 
The theoretical model was concluded with a description of a quantum well with an 
arbitrary number of bound states, followed by a numerical calculation of the response 
from a two-level quantum well. We have shown that also the two-level quantum well 
does not come close to an ideal phase conjugator with a uniform reflection coefficient 
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in the ^|| -spectrum. Furthermore, it does not behave the same way as the single-level 
quantum well, even though the combinations of polarization for the interacting fields that 
gives a /j-polarized response lead to similar results in the high end of the q\\ -spectrum. In 
the low end of the ^|| -spectrum the phase conjugated response from a two-level quantum 
well is several orders of magnitude stronger in a small number of very narrow ranges in 
^11 than in the rest. 

Finally, we concluded that if one is able to excite the two-level quantum well in the 
^11 -range around the point of the Fermi wave number the present model could prove 
insufficient, because the maximum value of the phase conjugation reflection coefficient 
in the high end of the ^|| -spectrum in several cases is above the Fermi wave number. 

Discussion and outlook 

With respect to the single-level quantum well several properties would be interesting to 
examine from a fundamental point of view, including (i) the response in the far-infrared 
and ultraviolet parts of the frequency spectrum, (ii) how the response can be divided into 
an electrostatic and an electrodynamic part, (iii) how the width of the phase conjugated 
focus from a quantum wire scales with the wavelength of the electromagnetic field used 
in the interaction, and (iv) the problem of a three-dimensional source. 

For the two-level quantum well plenty of work remains to be done before it would 
be wise to take up some of the above-mentioned properties. First of all, we have to 
determine how much each of the terms in the nonlinear conductivity tensor contributes to 
the phase conjugated response. Also, the problem of phase conjugating a broad angular 
band should be addressed in order to study, for instance, focusing of light in front of a 
two-level phase conjugator. 

The problem of focusing has to be addressed more carefully, since the present study 
has revealed only that when the mesoscopic source is moved closer to the phase conjuga- 
tor the focus is narrowed. I imagine that this problem could be addressed properly using 
a pure engineering approach to make an adjustment of the present model by (i) aban- 
doning the infinite barrier model by insertion of a more sophisticated potential across 
the barrier, and (ii) abandoning the point-source description of the probe field. Thereby 
one would also be able to discuss the problem of resolution in a near-field optical micro- 
scope. 

Furthermore, it could be interesting to establish a model which provides a tempo- 
ral resolution. It could be used to study, for example, the time delay and distortion of 
an electromagnetic pulse (wave packet) being phase conjugated, initially using, for ex- 
ample, plane waves as pumps, and ultimately to give an understanding of four-wave 
mixing using pulsed interacting fields. Such a model would provide a framework for a 
description of time-resolved optical phase conjugation in, for example, communications 
systems. 

On the more sophisticated fundamental side it could be interesting to investigate the 
phase conjugated response when the phase conjugator is, for example, a mesoscopic 
ring, cylinder, sphere, or a quantum wire. Another possibility is to take into account 
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spin effects in order to treat the phase conjugation response from magnetic materials. 
We also believe that there is a connection between the model for electromagnetic phase 
conjugation presented in this work and phase conjugation of electrons and atoms [for an 
introduction to atomic phase conjugation and nonlinear atom optics, see Lenz, Meystre, 
and Wright ( |1993i |1994| ) and [Goldstein, Plattner, and Meystre (1995M ~ 



A problem that has to be taken into account when using the present formulation to 
describe nonlinear optical processes is the apparantly divergent behaviour in the long- 
wavelength (low-frequency) limit stemming (in third-order problems) from the (O^^-term 
in the beginning of the nonlinear conductivity tensor. This problem is a general one in 



the theoretical model, and although the linear problem has been solved ( [Keller 1996a| ), 
the problem has still not been solved for any nonlinear case, including DFWM. 

If time permits, I shall substantiate on some of these points in future work. Otherwise, 
it will be left for others to do. 



We are very lucky to live in an age in which we are still making discoveries. 
Richard P. Feynman in The Character of Physical Law, p. 172. 
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Appendix A 



Calculation of linear and nonlinear conductivity tensors in 
two-dimensionally translational invariant systems [(z;^||)-space] 



In this appendix I present a calculation of linear and nonlinear conductivity tensors suit- 
able for calculation of the linear and nonlinear current densities in a physical system with 
translational invariance only in the x and y directions of the Cartesian ;c-3'-z-coordinate 
system. The basic ingredients in this calculation consists of (i) the Fourier integral rep- 
resentation of the vector potential in the x- and ^-coordinates given by Eq. (p]), (ii) the 
inverse relation for the current densities linear in the cyclic frequency CO (appeared as 



Eq. (8.2)), (iii) the basis set of the wave functions taken on the form of Eq. (^.9), and 



(iv) the corresponding transition current density in Eq. (8.14). Using these ingredients 
we start from the three-dimensional expressions in real space, which in the linear case 
are given by Eq. (|4.9| ) with insertion of Eqs. (6.6)-(5.7) and in the nonlinear case are 
given by Eq. ( 4.1C ) with insertion of Eqs. ( |6.8| )-( 6.14 ). The results of these calcula- 
tions are presented as expressions for the individual matrix elements according to the 



definitions given by Eq. ( |8.3[ ) for the linear conductivity tensor and Eq. ( |8.8[ ) for the non- 
linear conductivity tensor, the cyclic transition frequencies being expressed in the form 



of Eq. (18.121). 

For convenience, we in the following treatment divide the linear current density into 
two parts following the two processes shown in Fig. 5.1. If we define the linear cur- 



rent density as Ji{z\q\\) = T.jJij{z',^\\), the result of calculating the linear conductiv- 
ity tensor is presented as the individual nonzero matrix elements corresponding to the 
symmetry analysis presented in Chapter ^. Like in the linear case, it is convenient 
in the nonlinear case to define the nonlinear current density as /,(r) = Y.jkhJijkh{f), 
with Jijkh{r) = Zijkhir.r' ,r" ,r"')Ah{r"')Ak{r")Aj{r'), and then spht the treatment of 
the nonlinear current density in such a way that each of the processes mentioned in 



Fig. 5.2 is treated separately. 



A.l Linear process A 



From Eq. ( |6.6D we have the xx element of part A of the linear current, in which we insert 
the expressions for the wave function and the vector potential in the two-dimensional 
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j^Az;n) = -^T^2 II l,MHn)hn{z)\'5{z-z'Mql -5||: 



Fourier representation, giving the result 

J^Az;qil) = -^^///l/.l¥«(z)p8(r-rOA,(z';^i;).^^1-1 AW^r' 

xe"'5||-^llt/V||. (A.l) 

Solving the integrals over the real-space coordinates in the x-3'-directions, Jd^A and 
/ J^r||, we obtain 

Me (27l) 

xA,-(z';^^)fif^K||,„-j2^j|Jz', (A.2) 

where the (infinite) sum over the Kj| coordinates has been replaced by an integral. From 
this expression we extract part A of the linear conductivity tensor as 

0^{z,z';qi\,ql) = -^^7^1 fM^)d\Wn{z)\'5{z-z'nql\ -q\\), (A.3) 

where we have omitted the now superfluous reference to n from iC|| . Taking into account 
the conservation of momentum given by the Dirac delta function 6(^|| — ^||) we may 
integrate over qi in Eq. ( |A.2D, and thereafter extract part A of the linear conductivity 
tensor as presented in Eg. (|8.15|). 



A.2 Linear process B 

Taking from Eq. (|6.7D element ij of part B of the linear current density and insert- 



ing the expressions for the wave function [Eq. (8.9)] and the transition current density 



[Eq. (8.14)] in the two-dimensional Fourier representation, we get 



J?jiz;^\\) = -T^lKZ^E III Y^-^^-^rJ j,mn{z \\m + \n)ii,nm{z\\n + \m) 

^e''^\.^-\r,)-7le'^A.-\.ynAj{z!-q^^^^^^ (A.4) 

Solving the Cartesian integrals ^\ d^r',, and /(i^r|| along the surface and replacing the 
infinite sum over iC|| with an integral, this is 

X j,>m(z; K||^^ + iC||_,ji)5(iC||_,jj - iC||_,j + ^p5(iC||^,j - iC||_,j, - ^ll) 
xA/z';^y)(i^K||,jfif^K||,jjd^^j|fifz'. (A.5) 

Of these two integrals over the surface states, we can solve one because of the coupling 
between the surface states and the wavevectors introduced by the Dirac delta functions 
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appearing. Keeping the iC|| ,j, set, and thus we solve for the n set. Solving for this set, we 
find that icy ^j is replaced by icy ,ji + qii, thus giving 



Jfjiz;q\i) 



1 2 






From the above expression we extract part B of the linear conductivity tensor as 



2 1 1 



/„(iC|l+^^)-/,„(iC|l 



R / / Z. 1 1 w — 1 / J 't \ ' -i \\ / J III \ \\ / 



XJ,>m(z;2iC|| +?p5(^|| -5||)J^K 



(A.6) 



(A.7) 



where we have omitted the now superfluous index m from the surface states iC|| . Again we 
take into account the conservation of pseudo-momentum, 5{q!. — ^||), letting us perform 
the integration over q',, in Eq. ( |A.6D . From this result the linear conductivity tensor part 
B is extracted on the form shown in Eq. (8.16). 



A.3 Nonlinear process A 



Inserting Eq. ( p.q ) into Eq. ( [4. 10| ), we take element xxxx of part A of the nonlinear current 
density. In the result we insert the expressions for the wave function and the vector po- 
tential in the two-dimensional Fourier representation [Eqs. (8^) and (^Tll), respectively]. 



Then by use of Eq. (8.2) we find 
e' 2 



•'xxxx\-^'>q\\/ 



Smlh (Ik) 



10 



I#^v:(/)¥.(/)¥;(z)¥.(z) 



Tt'f it"i :ii'f rS" 



xA,{z'''-,q[(')A,{z''\qll)Al{z'\qli)e'^^^^^^^^ 



(A.8) 



In this equation, we first solve the integrals Jd^ri, and Jd'^r',!', thereafter the remain- 
ing Cartesian integrals J d^r',! and J d'^r\\, and finally replace the infinite sums over the 
different icii coordinates with integrals, thereby obtaining 



iz;q\\) 



Smlh {2kY 



LJnW\,n) JmW\.mj ^/ //^ / //\ * / \ / \ 



(0„ 



K|| n,Kllm) -2(0 



x5(z - z')8(z" - z")d\\^fid\,r,d^q'l{d^qld^q[dz"'dz"dz'. (A.9) 

Of the two integrals over the Ky quantities, we can solve one because of the coupling of 
these to the wave vectors introduced by the Dirac delta functions appearing. Keeping the 
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K|| ,jj set we thus solve the integrals for the n set. Solving for this set, we find that iC|| ^^ is 
replaced by ic||^ + ?n + ?|| > which gives 

„ /«(K||,^ + ?||+?||)-/,„(K||,^) 



•'jCXXAlV^'^ll^ 



' C>nm(K||,m + ?N + ^|| ' i^||,m) " 2(0 



x5(z" - f')d\^Md^q'('d^q''\d^q\\dz'"dz"dz'. (A. 10) 

From this we may extract part A of the nonlinear conductivity tensor as defined in 



Eq. (18J) as 



9i p^ 1 

^A / / // /// -> ->/ -'1/ ^in\ -^ c^ J- 

-xxxx\.Z,Z,Z ,Z ,q\\,qpq\\,qi\ ) - -^^^^^Jl^^i 



f„{yi\\+q[\+q\\)-fm{yi\\) 



0)3 %mlh (27i)2 ^7 G),„„(K|| +^|[ +5||,i<:||) -2(0 

x< (z")N/„, (/)¥; (z)¥n {z)m'{ + ql -q'w- q\\Mz - z'W - z"')d'^ , (A. 1 1) 

where we have omitted the now superfluous index m from the surface states iC||. Taking 
into account the fact that we look for the phase conjugation response we restrict ourselves 
to the case where the pump fields are counterpropagating, thus taking 



A{z"';qi;')^A{z"';-^)5{qll' + ^), 
A{z";qi;)^Aif;ki\)Hqi;-^), 



(A. 12) 
(A. 13) 



where k\\ is the common wavevector for the two pump fields. With these substitutions we 
can perform the integrals over q'u' and q'/, in Eq. ( A.IO ), and the conservation of pseudo- 



momentum is reduced from its general degenerate four-wave mixing form, 8(^n" + q!! 



'II 



q!, — qn), to 5(^11 +^||). This allows us also to solve the integral over q',, in Eq. ( |A.10| ), 
and on the form of Eq. (|8.8[) we can extract the PCDFWM conductivity tensor part A, 



appearing as Eq. ( |8.17[ ). 



A.4 Nonlinear process B 



Inserting Eq. ( |6.9[ ) into Eq. (1.10), we take element xxkh of part B of the nonlinear 
current density. In the result we insert the expressions for the wave function, the vector 
potential and the transition current density in the two-dimensional Fourier representation 



[Eqs. (|8^, (§J) and ( |8. 14| ), respectively]. Then by use of Eq. (|8J) we find 

^ I I T-i t / Jm Jv , Jn Jv 



1^ 

•'xxkh 



(0 



^^' "^ll 4meh^ (27l) 127 J £^^^ G)nm - 2(0 V ^vm "CO G)„ 

xAH{z!''-,q'{)Au{^'-,q'{)Al{z;-q[^e'^^\\-^^^^^^^^^ 



xe 



i%\ -h e-''^\\'\\d\'{{d\ld\\h{r-f')d^r'''d^r''d^r'e-'nnd\ 



(A. 14) 
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Solving first the integral J d'^rL then the integrals J d^r',!', J d'^r'L and J d^^, and finally 
replacing the sums over the icy quantities with integrals, we obtain 

,B . ^x e^ 2 r r^ 1 



X 






■ + ^r-^ ^ . jh,vn [Z ; Kii i; + K|| ,-; 



«>vm(K|l,iJ,K|l_m) -co G)„v(K||^j,,iC||_v) -(0, 

x5{z-z)d\lrid\,,nd\\,vd^q'\{d'^qld'^q\^dz"'dz"dz'. (A.15) 

Of these three integrals over iC||, we can solve two because of the coupling to the wave- 
vectors introduced by the Dirac delta functions appearing. Keeping the icy „-, set of sur- 
face states, we thus solve the integrals for the v and n sets (in that order). Solving for the 
V set, we find that iC|| ^ is replaced by iC|| ,;-, + q!!, which then allows us to solve the n set 

by replacing iC|| jj by icy ,;, + q!f' + q!!. Then we get 



II 

fxxkh{z;q\\) 



Am,n^ (27i)6 J y ^. (hnm{yiim + q''\+ql,\m)-2(3i 

(fm{\rh) - /v(K||,„i + q'^) fni^.m + ?||" + ?P " /v(K||,m + ?||') \ 
y(iivm{\m+qp\m) - (0 G)„v(K||,^ +^[|" + ^^',iC|l,^ +^P - (H j 

^, A / III —lll\A ( II -'ll\A*/ I -'l\Sit—lll I —II -I — \ 

xAh{z ;^|| )Ak{z ■,q\\)A^[z;q\\)h{q^\ +q\\-q\\-q\\) 

x5(z - z!)d\\^,nd^q^{d^qld^q\dz!"dz!'dz!. (A. 16) 

On the form of Eq. ( |8.4| ) we thus get part B of the conductivity tensor as 

2i 1 e2 , I ^/^(K||)-/,,(iC||+^^ 



©3 [iTlY Anieh^ ^J G),„„(iC[|+^[[" + 5[|',iC||)-2(0 yG)v,„(K||+^||',iC||)-a) 



CO 



ih,vn (z'"; 2ic|| + 5||" + 2^11') 



■.jk,n>v{z;2^\\ +4'^^ifl{z)^if^{z)ml'+qi-q\\-q\\)^{z-z)d\\. (^-i^) 



where we have omitted the now superfluous index m from the surface states icy. Looking 
for the phase conjugation response the pump fields take the form of Eqs. ( A.12 )-( A.13 ), 
and integration over q'!/ and q'^ in Eq. ( A.16| ) can be performed. Thereby the Dirac delta 
function accounting for conservation of pseudo-momentum is reduced from its general 
DFWM form, 6(^1'," + q'n —q'« ~^|l)' to 5{q'u +^|j). Thus performing also the integral 
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over q'« , the PCDFWM conductivity tensor on the form of Eq. ( ^^ can be extracted, 



and Eq. (8.18) appear. 



A.5 Nonlinear process C 



Inserting Eq. (6.1C) into Eq. (1.10), we take element xxxx of part C of the nonlinear 



current density. In the result we insert the expressions for the wave function and the 



vector potential in the two-dimensional Fourier representation [Eqs. ( |8.9[ ) and (|8. l\), re- 
spectively]. Then by use of Eq. (p^) we find 



jLAz;qii) = - 4^2;, (271)10 /' " 7l^^¥:(/)¥».(zO¥;(z)¥.(z)A.(z";f ^ 



x5(r-r'')d^q'(d^qld^q\d\'''d\''d\'e-''^\\'\\d\ (A. 18) 

Solving first the integrals J d^r',!' and J d^r',!, then the integrals J d-^r',, and ^ d^r^, and 
finally replacing the sum over the iC|| quantities with integrals, we get 

xA^^{z'';ql'')A:,{z'\q'')Al{z';q'\)d{Ki^-Ki,^^ 

xd{z —z")5{z — z")d K||/j(i K\\,jjd q'l^'d q'^^d q'\^dz!" dz!' dz ■ (A.19) 

Of the two integrals over the icy quantities, we can solve one because of the coupling to 
the wavevectors introduced by the Dirac delta functions appearing. We aim at keeping 
the iC||^ set, and thus we solve the integrals for the n set. Solving for this set, we find 
that iC|| ^ is replaced by iC|| ,jj — q'/^ + ^n , thus leading to the result 

c ,.^^_ e^ 2 r r^fn{\fh-ql + q\\)-fm{\^ 



Amih{2%fJ 7^ G)nm{^lm-q\^+qh^lm) 

^^m{z)^n{z)A^{z''' \ql')A:c{z \ql)Al{z! \q\^^ql' + ql -^\-q\^^^ 
xh{z-z!')d\\^^d^q'''d^q\d^q\dz"'dz"dz!. (A. 

On the form of Eq. ( |8.4| ) we thus get part C of the conductivity tensor as 

2i e^ I ^ ^/^(K||-5^' + 5||)-/„,(ic||) 



^C / / // /// ^ -^1 -'II -^iii\ ^1 £ t v^ / ■ 



0)3 4mlh (27i)2 ^y G)„,„(iC|| -^^' + ^||,iC||) 
xvK:(z')¥».(z')¥;(z)¥.(z)5(f' + ^[l'-^[|-?i|)5(z'-/')5(z-z")^'K|,. (A.21) 

where we have omitted the now superfluous index m from the surface states iC|[. The 
phase conjugation response is found using the same procedure as before, since using the 
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pump fields defined in Eqs. ( A.12 )-( A.13 ) the integrals over ({!! and ^|f in Eq. ( A.2C ) 
can be performed. Then (again) the conservation of pseudo-momentum, 5(^n" + ^n' — 
q'« —q\), is reduced to 8(^n + ^|| ), and after integration over ^j, we obtain on the form of 
Eq. dO) the PCDFWM conductivity tensor part C, appearing as Eq. (]8.19D. 



A.6 Nonlinear process D 



Inserting Eq. ( |6. 1 1 ) into Eq. ( 4.10] ), we take element xjkx of part D of the nonlinear 
current density. In the result we insert the expressions for the wave function, the vector 
potential and the transition current density in the two-dimensional Fourier representation 



[Eqs. (Q, (§J) and ( pJ4| ), respectively]. Then by use of Eq. (Q we find 
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^, iq',!'-r!," iqu-r!,' -iq'«-ri i2 ill jl ii jl / .3 /// j3 //j3 / -ian-rn j2 

xe II II e II lie ll "a ^ii a ^iiA q»d r a r a re ^n Hfl rii. 



Solving in this equation the integral J d'^r',!', and then the integrals J (f'r'L J d'^r',,, and 

/ cf^r|| we get, after having replaced the sums over the various iC|| quantities with integrals 
as before. 



hjkxi^'^'i 
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/n(K||,,T)-/v(K||,v 
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7V,i«(z';i^||,v + i<|t.«-)7-t,mv(z'^K||^^ + iC||,v)5(iC||^,jj-iC|j_v + 5|P 
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(A.23) 



Of the three integrals over iC|| quantities, we can solve two because of the coupling to 
the wavevectors introduced by the Dirac delta functions appearing. We aim at keeping 
the iC|| ,jj set, and thus we solve the integrals for the v and n sets (in that order). Solving 
for the V set, we find that iC|| jj is replaced by iC||^ + q!! in the first part of the sum and 



128 



Appendices 



by K[| ,j, — q!, in the second part of the sum, which then allows us to solve the n set by 
replacing iC|| ,, with iC||^ + q'J — q!, in general, giving the result 

.2 o 
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x5(^ll +^|| - q\\- q\\)Ax{z \q\\ )AkKz ; ^y )Ay(z ;^|j)c/ K|i_^<i ^y c? ^||cf ^y 
xdz'dzdz. (A.24) 



On the form of Eq. ( |8.4[ ) we thus get part D of the conductivity tensor as 



T7D 



/ // ///. -> 
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^.,^lz,^,^ ,z ;^||,^||,^||,^ii J-^^;^(^2-y «„,„(K||+^''-^'K| 



1 



7„,(K||) -/v(K|| +^P /^(K|| +^p^p -/,(K|| +^p 



1^ y COvm (K|| + ^I'l' , K|| ) - (0 (0„v (K|| + ^j'|' - ^[| , K|j + ^p + (0^ 

X jy^„i(z';2iC|| +2^[[' -^[|)j^,^v(z";2iC|| +^p 



COw 



-^^,iC||) + (0 G)„v(iC||+^|'-^^,iC[| 



: ik.yn (z"; 2iC|| + ^^' - 2q[ )jj^„„ (z'; 2iC|| - ^p } \^,; (z)\^„ (z)5(z - z" 
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(A.25) 



where we have omitted the now superfluous index m from the surface states icy. Again, 
when looking for the DFWM response tensor we insert the pump fields defined in 



Eqs. ( A.12 )-( A.13 ) and integrate over q'u and q'n in Eq. ( A.24 ), again reducing the Dirac 
delta function accounting for conservation of pseudo-momentum to h{q'« +^||). After 
integration over qL and separation according to Eq. (^), Eq. ( |8.20| ) appear as the PCD- 
FWM conductivity tensor part D. 



A.7 Nonlinear Process E 



Inserting Eq. ( |6.12 ) into Eq. ( 4. 10| ), we take element ijxx of part E of the nonlinear 
current density. In the result we insert the expressions for the wave function, the vector 
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potential and the transition current density in the two-dimensional Fourier representation 
[Eqs. ^^, (|1|) and ( p4| ), respectively]. Then by use of Eq. (Q we find 

jE t ^. g' 2 f f^ 1 ff U-f, , /„-// 



U«^' 11^ lenieK^ {IkY^ J J ^^,Gin,„-(0[\Gi„„-2(0 ©„, + (0 
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xe'(^-ll..-^-ll,"-)-1'};.„,„(2;K|l_„-+K||,„-06(r''-r''OA,(/^ 
xe'^^\\--^i-y'\\S'"-''"(^'^l'"e-^^^^^^^^^^^^ (A.26) 

In this equation, we first solve the integral J d^r',(', and then the integrals J d^r',!, J d'^r',,, 

and J d'^r\\, which together with replacement of the sums over the different icp quantities 
with integrals yields the result 
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x5(iC|| ^ - iC|| „-, - ^||)<i^K|| jjJ^K|| ,jj<i^K|| ,7t/^(7j|'J^(7Jl<i^(7[l<iz"'<iz"Jz'. (A.27) 

Of the three integrals over iC|| quantities, we can solve two because of the coupling to the 
wavevectors introduced by the Dirac delta functions appearing. We aim at keeping the 
iC||^ set, and thus we solve the integrals for the v and n sets (in that order). Solving for 
the V set, we find that icy ,i is replaced by icp^j + ^11" + ^11' in the first part of the sum and 
by iC|| „-, — q!, in the second part of the sum, which then allows us to solve the n set by 
replacing iC|[ ,, with icy ^jj + q'J' + q',! — q',, in general, giving 

e^ 2 f f^ 1 
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On the form of Eq. ( |8.4| ) we thus get part E of the conductivity tensor as 
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where we have omitted the now superfluous index m from the surface states iC||. The 
PCDFWM response tensor part E we find by insertion of the pump fields defined by 



Eqs. (A.12) and (A.13) into Eq. (A.28) and perform the integrals over q'!/ and q'L fol- 
lowed by integration over q\, because of the reduction in the Dirac delta function ac- 
counting for conservation oi^ pseudo-momentum. After these operations, the resulting 



expression is separated in the form of Eq. (S.8), and Eq. (8.21) is obtained 



A.8 Nonlinear process F 



Inserting Eq. ( |6.13 ) into Eq. ( 4.10] ), we take element ixxh of part F of the nonlinear 
current density. In the result we insert the expressions for the wave function, the vector 
potential and the transition current density in the two-dimensional Fourier representation 
[Eqs. (|0|), (|1|) and ( p4| ), respectively]. Then by use of Eq. ^^ we find 
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V (Onv (Ovm-COy J 

X7/,„.(z;K||,, + K||,M)5(r'-r''0A,(/';^f)A,(z'';^pA:(z';^pe'(*ll.'^-^ii."')-''il 
xe'^T-Te'^"-fe-'^l' -1^2^11' j2^j[j2^j|j3r'''jV''jV'e-'^1-''lijV||. (A.30) 

Solving in this equation first the integral J d^r',!', and then the integrals J d^r'.!, J d'^r'.,, 

and /(i^r||, followed by a replacement of the sums over the various iC|[ quantities with 
integrals, we get 
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Of the three integrals over iC|| quantities, we can solve two because of the coupling to the 
wavevectors introduced by the Dirac delta functions appearing. We aim at keeping the 
iC|| ,jj set, and thus we solve the integrals for the v and n sets (in that order). Solving for 
the V set, we find that icy ,j is replaced by icy ,jj + q!f' — q!, in the first part of the sum and 
by i^||.m + ^|[' iri the second part of the sum, which afterwards allows us to solve the n set 
by replacing icy ,-^ with icy ,jj + q!!' + q!f — q'„ in general, giving 
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On the form of Eq. (8.4) we thus get part F of the conductivity tensor as 
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(A.33) 



where we have omitted the now superfluous index m from the surface states iC||. Inserting 
the DFWM pump fields defined by Eqs. ( |A.12| ) and ( |A.13| ) into Eq. ( |A.32| ), the integrals 
over ^ii' and c^« can be solved. The resulting expression can then be solved for q',, for the 
same reason as before, and on the form of Eq. (8^), the PCDFWM conductivity tensor 



part F appears as Eq. (8.22). 



A.9 Nonlinear process G 



Inserting Eq. ( |6. 14 ) into Eq. ( 4.10| ), we take element ijkh of part G of the nonlinear 
current density. In the result we insert the expressions for the wave function, the vector 
potential and the transition current density in the two-dimensional Fourier representation 
[Eqs. ^^, (§1|) and ( pl4| ), respectively]. Then by use of Eq. (Q we find 
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(A.34) 



In the above equation, we may immediately solve the integrals J d^r',!', J d'^r',!, J d'^r',,, 
and J d'^rii, and by replacing the sums over the various icii quantities with integrals, as 
before, we get 
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(A.35) 



Of the four integrals over icy quantities, we can solve three because of the coupling to the 
wavevectors introduced by the Dirac delta functions appearing. We aim at keeping the 
iC||^, set, and thus we solve the integrals for the /, v, and n sets. Thus (i), in the first part 
of the sum, we find that icii j can be replaced by icp^ + q'«' , then letting us replace iC|[ ^ by 
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K||^ + ^I|" + ^n', which again let us replace iC|| ,-j by K\\,^ + q'i!' + qH —qu- (ii) In the second 
part of the sum, we find that icii f can be replaced by iC||^ + q!!', then letting us replace 
iC|| y by iC||^ + qil' — qii , which again let us replace iC||^ by iC||^ + q!!' + q!! — q!, . (iii) In 
the third part of the sum, we find that icii f can be replaced by iC||^ — q!, , then letting us 
replace K\\_y by iC||^ + q!!' — q'\\ , which again let us replace iC|| ,, by iC|| ^ + q'n' + q!! — q\\ ■ 
Finally (iv), we observe that the substitution of iC|| ,^ by iC||^ + q!!' + q!! — q!, is global, and 
we thus get the resulting current density element 
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On the form of Eq. ( |8.4| ) we thus get part G of the conductivity tensor as 
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(A.37) 



where we have omitted the now superfluous index m from the surface states iC||. As was 
the case with parts A-F, we are particularly interested in finding the PCDFWM response 
tensor, and thus we insert the DFWM pump fields given by Eqs. ( A. 12 ) and ( A.13| ) into 



Eq. ( A.36 ). This allows us to carry out the integrals over q'« and q'L consequentally fol- 
lowed by solution to the integral over q',, . The resulting expression is then split according 
to Eq. (^^), and the PCDFWM conductivity tensor part G appear as Eq. ( 8.23| ). 



Appendix B 



Principal analytic solution 
to the integrals over Kn in the low temperature limit 



In this appendix we discuss the analytic solution to the integrals over K|| appearing in the 
Hnear and nonlinear conductivity tensor. The discussion is limited to cover the low tem- 
perature limit, and it is presented as a principal solution to all integrals over K[| appearing 
in Eqs. (^J5|)-(|8^). 



B.l General type of integrals 



Every integral over iC|| in both the linear conductivity tensor, Eqs. ( 8.15 ) and ( 8.16D , and 
the nonlinear conductivity tensor, Eqs. (8.17)-(^|23), can when scattering takes place in 
the ;c-z-plane be expressed as a sum over terms of the general type 



!F^^^{n,{a},{b},s)=JJ 



KfK|/„(K||+^g^) 



^K^U iCy , 



(B.l) 



where p,k,^ are nonnegative integers, and q is an even nonnegative integer. The func- 
tions in general depends on (i) the quantum number n, which is a positive nonzero in- 
teger, (ii) a set of real quantities, {a} = {ai,. . . ,ap} appearing in front of the integra- 
tion variable K^ in the denominator, (iii) a set of complex nonzero quantities, {b} = 
{bi ,... ,bp} apearing as the other quantity in each term of the denominator, and (iv) the 
real quantity s representing the displacement of the center of the Fermi-Dirac distribu- 
tion function from (K_r,Ky) = (0,0). The quantity s together with each element in the set 
{a} is in general a function of the parallel components of the probe and pump wavevec- 
tors, ^11 and ^ . Each element in the set {b} is furthermore a function of x, the relaxation 
time. 

In the low temperature limit the Fermi-Dirac distribution function is zero outside the 
Fermi sphere and equal to one inside, and it is therefore advantageous to shift Kji by —s, 
followed by a one-to-one mapping of the x-y-plane into polar coordinates (r-6-plane). 
Using in this way K^ = rcos6, Ky = rsinS, and thus dKxdKy = rdQdr, the indefinite 



integral in Eq. (|BJJ) is turned into the definite integral 



:Fhn,{a},{b},s) 



«(«) /■2it r{rcosQ -s)P{r sinQ)"! 
Ylt=i[akircosQ - s) + bk] 



dQdr. 



(B.2) 
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Figure B . 1 : Distribution of the elements of the nonhnear conductivity tensor in terms of p and 
q. In one element (A) the terms appear with {p,q) = (0,0). In six elements ((g)) the terms appear 
with {p,q) — (0,2). In one element (•) the terms appear with {p,q) = (0,4). In four elements 
(+) the terms appear with {p,q) £ {(1,0), (0,0)}. In twelve elements (o) the terms appear with 
(P^^) G {(1,2), (0,2)}. In six elements (•) the terms appear with {p,q) e {(2,0), (1,0), (0,0)}. 
In six elements ( X ) the terms appear with {p,q) G {(2,2), (1,2), (0,2)}. In four elements (©) the 
terms appear with {p,q) € {(3,0), (2,0), (1,0), (0,0)}. The final element (y) the terms appear 
with {p,q){{4,0), (3,0), (2,0), (1,0), (0,0)}. Elements labelled with a '•' are zero. 



The quantity a{n) = yk^ — (jln/dY is the radius of the (two-dimensional) Fermi circle 
for state n, given by Eq. ( D.20| ). The Fermi wavenumber kf obeys the relation kp > ■Kn/d, 
since the Fermi-Dirac distribution function is zero for kp < iin/d, and thus in that case 
the integral would vanish. 



B.2 Specific integrals to be solved 



The necessary combinations of p and q in Eq. ( |B.2| ) to be calculated in order to solve 



the integrals over K|| in the nonlinear conductivity tensor are surtunarized in Fig. |BJ 



From Fig. |B.1| we observe that a total of nine different combinations of p and q need 
to be calculated, namely when {p,q) takes the values (0,0), (0,2), (0,4), (1,0), (1,2), 
(2,0), (2,2), (3,0), or (4,0), and it is seen from Eqs. (|8TT^)-(p72^ that P can take the 
values p G { 1 , 2, 3}. However, the complexity of the total solution can be reduced, since 
functions with p = 2 can be expressed in terms of functions with p = 1 in the following 
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way 



a\7pq{n,axM,s)-a27'^^{n,a2,h2,s) 
^^ a\b2 — a2bi 



a^ 7^ 0,^ € {1,2}. In a similar fashion, the functions with P = 3 can be written in terms 
of functions with P = 1, namely 

!Fnn,aua2,a3,bi,b2,b3,s)- 



^^ {a2b\-b2ai)[a3bi-bsai) 

al!Fpq{n,a2,b2,s) al9'^^{n,a3,b3,s) 

provided ai/0,^G {1,2,3}. If any a^ , f or instance a 1 , becomes zero , we observe from 
Eq. (p. 2 ) that the order of the denominator becomes smaller by one. This implies in 
Eq. ( |B.3 ) that !Fp {n,0,a2,b[,b2,s) = !Fp {n,a2,b2,s)/b[. The similar conclusion with 
respect to Eq. (plj) is f p{n,0, 02,03, bi,b2,b3,s) = !FpJn,a2,a3,b2,b3,s)/bi. A corre- 



sponding reduction applies for any other a^ = in Eqs. ( |B.3| ) and ( |B.4[ ) 



As a consequence of Eqs. (p.3|) and (B.4), the integrals appearing in Eqs. (8.15) 



(8.23) can now be written in terms of functions of the type 

/■«(«)/■ 2" rfrcose- s)''(rsine)« ,„ , , , 

!Fp\{n,a,b,s) = / / ^- J ^ > dMr, (B.5) 

'^ Jo Jo b — as + arcosQ 

dropping the now superfluous index on a and b. Since the following treatment is a formal 
solution of Eq. ( |B.5| ), we will also drop the reference to n for brevity, letting a = a{n). 



B.3 Solution when a = 



Before carrying on with the solution to Eq. (B.5) in the appropriate cases, we take a look 



at it in the case where a = (as would be the case in the local limit, for example). Then 
the only term left in the denominator is b, which is constant with respect to the integration 
variables. The solution to the remaining thus becomes trivial, with the results 

1^Q{n,Q,b,s) = - rdQdr=--, (B.6) 

b Jo Jo b 

1^2{n,^,b,s) = -- / ? ?,m^ MMr = —- , (B.7) 

b Jo Jo 4b 

!Fo\{n,0,b,s) = - f f r^sm^Qdddr = ^, (B.8) 

b Jo Jo ob 

2 /■" f^ TlsO?' 

!Fio{n,0,b,s) = - / \r^ cosQ - rs] dQdr = — , (B.9) 

b Jo Jo b 

2 f^ f^ TCvOt'^ 

!Fx\{n,0,b,s) = - / r/cosesin^e-Asin^el JeJr = -— , (B.IO) 

b Jo Jo 4i7 
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!F2n(n,0,b,s) = - / \Pcos^Q + rs^-2sr^cosd]dddr = -— + ^, — , (B.ll) 
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(B.13) 



(B.14) 



where we have made use of the facts that (i) q is an even integer, and (ii) cos 6 and sin 6 
are symmetric around 6 = 7i in solving the angular integrals. 



B.4 General solution 



When a 7^ 0, we have to consider the full solution to Eq. (B.5) for the nine different 



combinations of;? and q we need. To solve Eq. (B.5), let us make the substitutions 

(B.15) 
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aa 



giving dr = (xdu. Thereby Eq. ( |B.5| ) is turned into the nine functions 
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(B.16) 

(B.17) 

dddu, (B.18) 

(B.19) 



s u^ cos^ 6 
ar] + Mcos6 



dQdu, 



!F2o{n,a,b,s) 



a 



3 /.I flK 



a Jo Jo 



ri + Mcos6 ri + Mcos6 arj + wcosS 



M^cos^S 2s u^cosQ s^ 

+ ■ 



ri + Mcos6 ari + Mcos6 a^rj + McosS 



(B.20) 
dQdu, 
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where we have made use of the relations 

sin^e=l-cos2e, 
cos 6 sin^ 6 = cos 6 — cos^ 6, 
cos^ 9 sin^ = cos^ — cos^ , 

sin'^0 = l-2cos^0 + cos'^0. 



u cos 
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dQdu, 
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B.4.1 Solution to the angular integrals 

Next, to carry out the angular integrals, we put 

so that these integrals become 
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where h G {0, 1,2,3,4}. In Eq. (|B.30|), the poles at t± in the ?-plane are located at 



t± 



n 



u \ \u 



n 



1, 



(B.31) 



and the integration runs along the unit circle. Since we have f+f_ = 1, one of these poles 
is inside the unit circle while the other is outside. When h > there are an additional 



pole of order halt =0. Using the unit circles shown in Fig. B.2 as the integration paths, 
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Figure B.2: The poles appearing in the complex f -plane in Eq. (B.30) are of order 1 at f± and of 
order halt — 0, as shown to the left. To the right is shown the special case where h = Q and the 
pole at f = vanishes. The closed contour shown in each diagram is the integration path used. 



we find by a residue calculation 
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Inserting these results into Eqs. (B.16)-(B.17), we get 
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B.4.2 Solution to the radial integrals 

This result leaves us with radial integrals of the type 

=du^ h E {1,3,5}, 



/rp 



(B.46) 



apart from the trivial M"-type of integrals. The three integrals in Eq. (B.46) can be found 
for example in pradshteyn and Ryzhik ( 1994D as Eqs. (2.271.7), (2.272.7), and (2.273.8), 
which by insertion of u and r] becomes 
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in that order, verified by differentiation, and after correction of the misprint appearing in 
Eq. (2.273.8). By insertion of the limits we get 
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By insertion of Eqs. ( B.50| )-( B.52 ) into Eqs. ( B.37 )-( B.45 ) and solving the trivial u"- 



type of integrals, the resulting expressions for the nine different cases of Eq. (B.5) thus 
become 
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B.5 Verification 



In order to verify the result, we take the limit where a — > 0, we use the binomial series 
expansion 
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where 'x!!' is the 'double factorial' operator taken for the integer x, given by jc!! = 
x{x — 2){x — 4) ■ ■ ■ {x — k) for a; > k. Thus by insertion of Eq. ( B.62D into Eqs. ( B.53 )- 
( |B.6l| ) we get for small values of a 
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which by insertion ofr\ = {b — as)/{aa) and subsequently letting a = reduces to the 
results of Eqs. (p^-( pl4| ). 
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B.6 Result 



In terms of the original a and b quantities, the resulting expressions for the specific 
integrals are: 
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Using Eqs. (B.72)-(B.80) together with Eqs. (B.3) and (B.4) when they are needed, 
the solution to the integrals appearing in Eqs. ( |8.15| )-( |8^| ), ( |10.5D , ( |10.6| ), ( |10.13[ ), and 
( 14.11 )-( |14.14D are obtained in a straightforward manner. They can be found on detailed 
form in Appendix ^ 



Appendix C 



Analytic solution to the integrals over iC|| appearing in the 
conductivity tensors when scattering takes place in the x-z-plane 



Taking a close look at the expressions for the different nonlinear conductivity tensor parts 



in Eqs. ( |8.17[ )-( |8.23D we observe by insertion of the transition current density given by 
Eq. ( |8.14 ) that they can be separated into two independent parts. One of these parts 
depends solely on icy and the other part depends only on z- In the remaining of this 
Appendix they will be denoted by ^ and Z , respectively. The quantity ^ can be solved 
according to the solution scheme given in Appendix ^ and the explicit solution will 
therefore in the following be given in terms of the functions solved in Appendix ^. 
Furthermore it is possible to split the z-dependent part into independent functions of 
each z-coordinate. Since the z-dependence involves only the wave functions, we define 
the following three new quantities 
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in order to reduce the expressions in the following. 

As the first step in preparing the solutions to the integrals over icy we identify the 
transition frequencies occuring in the nonlinear conductivity tensor parts. Each of these 
transition frequencies can on general form be written 



CO«m(K||+P,K|i+Y) = - 
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Looking at Eqs. (8J/7)-(^|23), we observe that the following transition frequencies ap- 
pear in the nonlinear- conductivity tensor: 
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We observe from Eqs. ( |8.17[ )-( |8.23| ) that these transition frequencies gives rise to a num- 
ber of different a and b coefficients, which we will use in the later sections of this Ap- 
pendix. It turns out that there are a total of four different a's and thirteen different b's. To 
present an overview and for the sake of easy reference they are all listed together below, 
viz. 
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C.l Nonlinear process A 



Starting with the pure interband term in Eq. ( |8.17[ ) we separate the z-dependent and the 
iC|| -dependent parts in the following way: 

2 



'^xxxx{z,z ,z. ,z ■,q\\,k\\) 



{my 



L7A / / // ///^e. 
^nm\^^^ '^ '^ /b, 



'nm ' 



(C.36) 



where the indices on the quantities Z and ^ follows the indices of the quantum numbers 
in the sum. The z-dependent part above is 

zt,{z,z',z'\z''') = z:,Jz'')zUznz-z'W'-z''% 
and the solution to the integral over icii in the low-temperature limit 
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readily appears by use of Eq. ( |C.178 ), since only the Fermi-Dirac distribution functions 
depend on K||. 
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C.2 Nonlinear process B 



In order to solve the integral over K|| in Eq. ( |8.18D , we rewrite it into 






(C.39) 



in which both quantities Z and ^ are indexed according to their dependence on the two 
Cartesian indices of S and the quantum numbers in the sum. Above, the z-dependent 
part in general is given by 

zf,^,^Az,z',z",z"') = ziiz"')zLiz'Mz - z)zUz), (C.40) 

in terms of Eqs. ( |C.1| ) and ( |C.2| ). Of these, the two with Cartesian indices xx and yy are 
equal. The solution to the other quantity above, ^f/, „,„v(^|h^||)> in terms of the a's and 
b's and the functions solved in Appendix ^, is written 
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-!ri{v,ay,bl^,k,) + !F,^f,{n,-ai,bi,0) - :Fi!l{v,-aubi,,kx)} , (C.41) 

which is written in terms of a set of functions ^ that vary from element to element. These 
functions are of the order p = 1 because only one transition frequency appears inside 
each integral. They are determined from the iC|[ -dependent parts of the microscopic 
current densities, and they become 

^zz=^oo, (C.42) 

!Fyy='^:F^2, (C.43) 

^.^ = ^J = 2iril,,„ + ^.viro}„ (C.44) 

^:5 = 4ir2l, + 4k,:F,'o + klf^ , (C.45) 

in short notation, since the functions at the right side of these equations take the same 
arguments as the functions to the left. 



C.3 Nonlinear process C 



Separating Eq. ( |8.19 ) into its z-dependent and ic independent parts, we write 



^'^xxiz,z,z",z";q\\,kii) = Tr^Y.^nmiz,z ,z" ,z")t,^^iq\\,kii) (C.46) 



nm 



where the indices on the new quantities follows the quantum numbers in the sum. The 
z-independent part in this part of the conductivity tensor is 

zUz,z',z",z"') = zUz)zUzMz'-z"'nz-z"), (C.47) 
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in terms of Eq. ( |C.lD . The solution to the quantity ^^^^^(^ij,^!!) then appears as 

^nmi^,kii) = -j^-^^^{!F^}o{n,a4,bl^,q^ - k^) - !Ff^{m,a4,bl,„,0)} (CAS) 

in terms of the a's and b's and the functions solved in Appendix ^ 

C.4 Nonlinear process D 



Performing an adequate separation of variables in Eq. ( |8.20| ), it is written 
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where the four new quantities are indexed according to the varying Cartesian coordinates 



of E and the quantum numbers in the sum. The z-dependent terms in Eq. (C.49) are 
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in terms of Eqs. ( p.l[ ) and ( |C.2| ). In both equations above, the xx and yy permutations 
are the same. The solution to the ^ quantities we write in terms of the a's, b's, and the 
functions solved in Appendix ^ the result being 
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-J^f (v,{«3,«i},{^L,C},9.v)} , (C.53) 

which have been written in terms of a set of functions f that vary from element to 
element. These functions are again determined from the iC|| -dependent part of the micro- 
scopic current densities appearing in E^.j^{z,z',z",z"';q\\,k]^\)- They are 

^z?' = ^zf = ^o'o, (C.54) 

^v?' = ^vv'=4iroi (C.55) 



Da 

■ xz 



J^^^ = 2:Fil + {2k, + g,)iro'o.n, (C.56) 
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f^^ = 2f^, + k,f^^, (C.58) 

■F^'^ = 2flQ + {k, + lq,)^^, (C.59) 

fFx" = ^7l + l{,q, + 3fc,):rii + {Ikl + q,k,)7i^, (C.60) 

^.f = 4iF2^o + 2 (3^. + k,) f^Q + (2^2 + ^^^^) ^^2 ^ ((3_g J) 

again in short notation, and for the same reason as before. 



C.5 Nonlinear process E 



Separation of the z-dependent part and the Km -dependent part in Eq. ( |8.21[ ) yields 

+z,?;>_(z,z',z",z"')^!5'^,„,(^l|,^l|)} ' (C.62) 

the new quantities being indexed according to their dependence on the varying Cartesian 
coordinates in S?-^^(z,z',z",z'";^||,^||) and the quantum numbers in the sum. The z- 
dependent quantities are again written in terms of Eqs. (C.1)-(C.2), with the result 
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zfJ:,^,Xz,z',z'\z''')=5{z''-znKn{znzLizl4Jz), (C.64) 

and again it appears, the quantities with Cartesian indices xx and yy are equal in each of 
the above equations. The solutions to the two ^ quantities are obtained in terms of the 
a's and b's and the functions solved in Appendix ^ and they become 
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which is written in terms of a set of functions !F that vary from element to element. Their 
structure is as before determined from the iC|| -dependent parts of the transition current 
densities, and we find for the pure interband transitions functions of order p = 1 , since 
only one transition frequency occurs in each integral. They are 

:r,f=:F^, (C.67) 

!Fyf=4:r^2, (C.68) 

^.f = ^zf =2:ril, + ^.irol„ (C.69) 

^J' = 4:r2l, + 2^,ir/o + 2ql;F^ , (C.70) 
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in short notation, and for the mixed interband/intraband transitions functions of order 
(3 = 2 because two transition frequencies occur in each integral. They are 

^.f = ^oo, (C.71) 

^>^'=4Joi (C-72) 

^.f = ^^^ = 2^10 + qxJL (C.73) 

i^J' = 4^20 + 2^.viFi'o + 2^,Vo'o, (C.74) 

again in short notation, since all arguments to the functions are of the same type. 



C.6 Nonlinear process F 



The separation of variables of Eq. ( |8.22| ) into z-independent and Ky -independent terms 
gives 

"F / t II III -> y \ ^ I ^'^ \ V"' r _Fa / I II ///\eFa /-> 7 \ 

+zZ^M;z',z',z'%ZUnA\)} ' (C-75) 

where the new quantities have been indexed according to their dependence on the Carte- 
sian indices of E and the quantum numbers in the sum. In Eq. ( |C.75 ) above, the K||- 
independent terms are 



.Fa 

■"ikMinv 



(2,,',/,/') =5(z'-z"')2i(z")z;:,,(z04.(z), (C.76) 

zZn.Az,^,z\n = ^z-z;'')zt{z;')zlXz)zUz)- (C.ll) 

in terms of the three quantities defined in Eqs. ( |C. 1| )-( |C2| ), and again the xx and yy ele- 
ments in each of the two above quantities are equal. The solutions to the z-independent 
terms appear in terms of the a's and b'& and the functions solved in Appendix |B] as 

e^ r 

-^l\v,{a2,a,},{bl^,b]^},q,-h)], (C.78) 

-fu^{v,{a2,a^},{bl^,blJ,K) + f^^{n,{a2,a^],{bi^^,bl^},q,) 
-f^{v,{a2M,{bl,„,bl],k,)], (C.79) 

which are written in terms of a set of functions f that vary from element to element. 
They are again determined from the Ky -dependent parts of the transition current densities 
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appearing, and thus they become 



nr Fa _ n^ Fb _ ^ 2 



7Z 

Fb 



■Tyy -Tyy 

^xz — "^xz — 2^00 + ^xJqQ-, 

■ zx 
Fb 






• Fa 



i^« = 4:r2t, + l{lqx - k^)^m + i^^x " gxkx)!Fm, 



7xx = 4^20 + 2(?.r + ^.v)^lt) + qxkxf^, 



(C.80) 
(C.81) 
(C.82) 
(C.83) 
(C.84) 
(C.85) 
(C.86) 



again in the abbreviated notation, where the functions in general take arguments of the 
type {n,{ai,a2} ,{bi,b2} ,s). 



C.7 Nonlinear process G 



Finally, Eq. ( |8.23| ) becomes in terms of z-independent and K|| -independent terms 

r^G / I II III ^ y ^ 

^ijkh[z^z,z ,z ,q\\,k\\, 



2 ( ehVy 
(i»)^ V2mJ ,t, 



, Ga 

■'ijkh,nmvl 



Z,Z ,Z ,Z )^ijkh,nmvl{'lhk\\) 



+Z 



Gb 



ijkh,iimvl\^^^ J^ '2 %ijkh,nmvl\q\\^kp + Zij)^f^^^^^,l(Z,Z ,Z ,Z )hijkh,nmvl\'lpkpj, 

(C.87) 



where again the new quantities have been indexed according to their dependence on the 
various Cartesian indices of S and the quantum numbers of the sum. The z-dependent 
terms in Eq. ( |C.87 ) are on general form 



,«mv/(^'2,z ,z ) = Zj^i{z )Zi^,{z )2;„,(z )2;„^(z), 

,«mv/(Z;2,Z ,Z ) = Z„^i{z )Z^„{z )Zi^,{^- )^nm\Z)^ 
^ijkh,nmvli^-TZ T^- iZ ) = Zj^lZ )Zy„{z )Zj^^i{z )Zn,„{zj, 



,Ga 

■'ijkh 

,Gb 
■'ijkh 

,Gc 



(C.88) 
(C.89) 
(C.90) 



in terms of the quantities defined in Eqs. ( |C.lD -( |Q^ ), and as in the previous cases we 
may observe that any element with a Cartesian index x is equal to the element with 
the Cartesian index y on the same place, the other Cartesian indices unchanged. The z- 
independent terms we write using the a's and b's and the functions solved in Appendix ^, 
as before. They finally become 



1 1 



1 



^lKn,nAq\\,k\\) - g^3 ^2^^2 I (e„_e„,)/n- 2(0-11-,? 

X ^i%f {l,{a2,-ai},{bi„,blJ,-k^) - 7i%f {m,{a2,-ai},{bi,„,bjj,0) 
+^ifkh {l,{a2,ai},{bl^,bli},-k,) - !Fi%f {v,{a2M,{bL,bli},0) 
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- 7ijkh (v, {a2 , a 1 , as } , {h\^ , h\ , h\i } , O) 
+ 7^li {n , {a2 , a2 , as } , {^L, , ^L , ^n J , ^:c) 
-i^o'i^'(v,{a2,a2,«3},{^l,^,l,^'J,0)} (C.91) 



(^ll'^ll) = -8^72^{^'^U^'{«2,-ai,a4},{^L,^L>^vm},-'^;t) 



iGb _ 

:>ijkh,nmvl\^\\T^\\J Rh^ (7' 



- fifkh {m,{a2,-ai,a4}, {b^^ , b]^ , Z^^^ } , O) 

+^S(^{«2,a2,a4},Km>^W,^vm},-^x) 

- ^1% (v> {«2 , ^2 , «4 } , {^L > ^i/ , ^vm } > ^:t - ^;t) 

+^S(^{«2,a2,a3},{C^w,^'j,-^.) 

- ^S (^' {^2 , ^2 , as } , {^L , ^J/ > ^n J , ^:c - ^:c) 

+^;°U"'{«2,ai,a3},{Z^^„,,ft,i2,^^J,^^) 

-•^mh {v,{a2,a,,a3}dKmMr^,bli},q,-k,)} (C.92) 

- ^/;m' ('"^ {«2 , a2 , «4 } , {^1„ , ^L ' ^vm } , O) 
+ !^ifkh{l,{a2,-ai,a4},{KmMlHm}^Gx) 

- ^ifkh (v, {a2 , -a 1 , a4 } , {^L , ^J? , ^L } > 9x - ^:c) + , ,. . r^i 

X ^r-yif (^ {«2, -ai}, {Z^^^,^!?},^;,) - 7^kh (v, {a2, -ai}, {Z;^^,^^;^},^;, - K) 

+!^i%f {n,{a2,ai},{bi„, b]^ },qx)- :Fi%f (v, {a2 , a i } , {bi„ ,bl^},qx-kj,) | , 

(C.93) 

and again they are written in terms of a set of functions if that vary from element to 
element. As was the case in the previous sections, these functions are determined from 
the z-independent parts of the transition current densities appearing in E. 

In passing we should notice that parts (Gal) and {Gc2) has [3 = 2 because of the pure 
interband transition appearing in one of their denominators, while parts (Gal), (Gb), 
and (Gel) has P = 3 since all their transitions are mixed interband/intraband transitions, 
we observe that a lot of ^T functions are equal. In the simplest case, we observe 

^.°f=^.«f = ^oo (C.94) 

rrGh _ n- Gel _ „- Ga2 _ nr 3 (C OS"* 

-'zzzz -'zzzz ■'zzzz -^00- \\^.yj) 

At the second level of complexity we find 

(T Gal ir Gc2 (T Gal ^ Gc2 ^ Gal ^ Gc2 ^ Gal ^ Gc2 ^ Gal ^ Gc2 

■'yyzz ~ -'yyzz ~ ■'yzyz ~ -'yzyz ~ -'yzzy ~ ■'yzzy ~ -'zyyz ~ ■'zyyz ~ ■' zyzy ~ -'zyzy ~ 



156 Appendices 



^z^y' = ^z?yf=4iFoi (C.96) 

,j- Gb q- Gel ,j- Gal ^ Gb ^ Gel ^ Ga2 ^ Gb ^ Gel ^ Ga2 ^ Gb 

-'"yyzz ~ -'yyzz ~ -'"yyzz ~ -'yzyz ~ -'yzyz ~ -^yzyz ~ ■'yzzy ~ -'yzzy ~ ■'yzzy ~ -' zyyz ~ 

rrGcl _ cr Gal _ nr Gb _ „- Gel _ ^ Ga2 _ nr Gb _ „- Gel _ ^ Ga2 _ 4nr 3 (r^ Qq\ 

-'^ zyyz ■'^ zyyz ■' zyzy -^zyzy ■' zyzy ■' zzyy ■' zzyy ■' zzyy ^■'Qfl- v^--' ' > 

The third level of complexity gives 

j^^=j^^ = \(,j^^ (C.98) 



yyyy -' yyyy 

r Gb _ ^ Gel _ _ 

yyyy yyyy -''yyyy -'-'-'-'^04 
At the fourth level of complexity we observe 



-^vvvv -'WW -^vwv ^^-'04* V*-^'^^/ 



^x'S^ = 7?^ = 7^^ = 7^zf = 2i!r,l + 2iq,!F^„ (C.IOO) 

^xzzz^^xzzz = 7xzzz = ^zjczz = 7zxzz =2i^io + 2iqx!FoQ, (C.lOl) 

^zSz' =^z^' =2iiFi2o- 21^,^00, (C.102) 

7zZXZ = 7zzzx = 7zzzx =2iJiQ- ikxJQQ, (C.103) 

7?^z = 7?zu = 2ii^io + i(2'?x - -t,)iFoo, (C. 104) 

7^z = 7?^z = 7^' =2i7^0 + 'A2qx-K)J^, (C.105) 

and the independent element 

^^,'', = 2i:riU2ife-2*,):ro?,. (C.106) 
In the fifth case we find 



- Gal _ ^ Ge2 _ ^r Gal _ ^ Gc2 _ ^ Gal _ ^r Gc2 _ ^ Gal _ ^ Ge2 _ ^ Gal 

xyyz -'xyyz -'xyzy -'xyzy -'xzyy -'xzyy -'yxyz -^yxyz -'yxzy 


_nrGe2_ 


^S^y = 7^ = -^ifh-^kxfil, 


(C.107) 


- Gb _ nr Gel _ n^ Ga2 _ ^ Gb _ nr Gel _ ^^ Ga2 _ ^ Gb _ nr Gel _ nr Ga2 _ 

xyyz -'xyyz -''xyyz -'xyzy -''xyzy -'xyzy ■'xzyy -'xzyy -'xzyy 


- nrGel _ 

" -'^yxyz 


nrGa2_ ^Gel _ nrGa2 _ ^Gel _ nrGa2 _ o- ^ 3 4;^ nr 3 

-^yxyz — ■'^yxzy ~ -^yxzy ~ -^zryy ~ ■'^ zxyy ~ ^^-^^12 '"yx/o2; 


(C.108) 


>?z = h% = 7^y = -81:^12 - 4ife - 2^,):ro2, 


(C.109) 


,Gal _ ^Gal _ ^ Gal _ ^ Gal _ ^ Gal _ ^ Gal _ o- ^ 2 ,.-, ^2 

yyxz ~ -'yzxy ~ -'zyxy ~ ■'yyzx ~ ■'yzyx ~ -'zyyx ~ o^-Tll^^^i^xJ^oi^ 


(C.llO) 


rGal _ crGal _ n-Gal _ crGb _ crGal _ n-Gb _ crGal _ n-Gb _ cr Gal _ 

yyxz -'yzxy -'zyxy -'yyzjc -^yyzx -"yzyx -"yzyx -'zyyx -"zyyx 




-Si!Fil + 4ik,!Ff^2^ 


(C.lll) 


^^x^ = ^y%' = ^z%' = ^yfJ = ^y^f = ^z^x = -^i^,\+4i{h " 2g,)!Fi„ (C.112) 


rGb _ nrGel _ ^Gb _ nrGel _ ^Gb _ nrGcl _ ^Gel _ nrGcl _ ^ Gel _ 

yyxz -^yyxz -^yzxy ■''yzxy -^ zyxy -'zyxy -'yyzx ■''yzyx ■''zyyx 





-8iir/2 + 4i(^x-2^,)iroi (C.113) 
In the sixth case we observe the related functions 

7^^ = T^tz = -^fl-Mxf^^-ql^L (C.114) 

'^xxzz ~'^xxzz — ~^^10~^1x!Fio~qx^OQ^ (C.115) 

!rZ"z = ^x^z^' = !rSx'z = ^S^' = -4!F^o-2{qx-k,)f^o + qxk,fL (C.116) 
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'^xvcz ~ ^ xzvc ~ '^ XZ7X —^vcxz — '^vcz^ = '~'^^20~^vix — kx)JlQ + qxkxJ^Q0i (C.117) 
nrGb _ ^Gcl _ ^Gcl — crGcl _ ^Gcl _ 

-'xz:xz ■' xz^cz -'xzzx -'zxxz -' zxzx 

-4:Fio - ^Oqx - h)fio - qx{2qx - k,)f^, (C.118) 
^x'Sz = 7?,^ = jSxz = 7^^ = -A^^o-^{Mx-k,)J^,-qx{2q,-k,)J^,{C.n9) 

and the eight independent functions 

f^l = -4fi^ - A{q, - k,)!F,l - qxiqx - 2k,) f^,, (C. 120) 

fSxz = -^^l -Hqx- k,)!F,l - {2ql + 2kl - 5q,k,)!F^, (C. 121) 

^^^ = -4:^2?, - 2iq, - 3k,)!F,l - k,{2k, - q,)!F^, (C.122) 

^zzxx = ~4 J^20 + ^kx!F iQ — k^ J^QQ , (C. 123) 

^.S" = -'^!rio + 4h!Fil-kl!F^o, (C.124) 

!F,f, = -Afl - A{q, - k,):Fil " kx{k, - 2q,)!r^l (C.125) 

^zl'x = -4fio - 2{2q, - k,)f,l - {2q, - k^fl^, (C.126) 

0"?^ = -^^20 - 2{2qx - k,)!F,l - {2q, - k,f!F^,. (C.127) 
The seventh case has the following related functions 

^^' = ^S^y = ^^7^1 + 16^.iF2 +4^2^oi (C.128) 

7^^ = 7^^ = \(^7l + 16^.iFi| + 4^,Voi (C.129) 

i^w = 7^fx = ^,^' = 7y%'^ = l6!rA + Kqx-k.)7A-4qxkx7,l (C.130) 

7xyxy =7xyyx = 7xyyx =7yxxy = 7yxyx = ^(^722 + ^{qx — kx) !Fi2 ~ '^qxkx7o2, (C.131) 

nrGb = <rGcl _ qrGcl — nr Gel _ ^Gcl _ 

-'xyxy -'xyxy ■> xyyx -'yxxy -'yxyx 

16:fI + H^qx - kx)T^2+Mx{2qx - ^x)iFoi (C.132) 
7^'x^ = 7^fx = ^,^' = 7y'^^ = l6!Fi2 + K^qx - kx)7^2+Mx{2qx - kx)7,UC.U3) 
and the eight independent functions 

^4' = 16:^2^2 + 16fe - kx)9^2 + ^qxiqx - 2kx)9l, (C. 134) 

^,Sc' = l(>7i2+2A{qx-kx)9^2+'^{2ql+2kl-5qxkx)j^i2, (C.135) 

^,^^ = 16:r2'2 + Kqx - 3kx)!FA + 4kxi2kx - qx)fi2, (CA36) 

7^^ = l6Ti - l6kx!FA + 4kl!F(^2, (C.137) 

7^^ = 16:r22 - l6kx:F,l + 4kj:Fi2, (C.138) 

^,?.x = 16:^2^2 + 16fe - kx)!FA + 4kxikx - 2qx)f^l, (C.139) 

7^^ = 16:r22 + 16(2^x - kx):FA+4{2qx - k^fl^, (C.140) 

7^'^ = \6J^^ + 16(2^, - ^,):ri2 +4(2^, - kxfll. (C.141) 

The eighth case gives 

7^xxl = 7^x^ = -mio-4i{2qx-kx)f^o-2nx{qx-2kx)f^Q + iqlkxfio, (C.142) 
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:^;S? = ^x'iS = -8i^30 - 4i(2^. - k,)rio - 2i^x(^. - 2k,) f^^ + iq%ji^, (C.143) 
7^x1 = !rZ' = -81^^30 - 4i(4^. - k,)!Fio " 2i^.(5^, - 2k,)!ril 

-iql{lq,-k,)fi^, (C.144) 

^;^« = ^:S? = -8i^30 - 4i(4^. - k,)!Fio " 2i^.(5^, - 1^)1^^ 

-iql{lq,-k,)!F^, (C.145) 

^;.^'' = ^Sxi = -8i^3?) - 4i(^x - 2k,) f^,, - likSx - 2q,)j^o - iq^kW^, (C.146) 
^x^f = ^S^ = -8i^3() - 4i(^x - 2^,)ir2?, - 2i^,(^, - Iq,)^^,, - iq,klj^, (C.147) 
^x^^' = i^zS = -8ii^30 - 4i(5^. - 2^,):r20 " 2i(2^, - k,){Aq, - k,)!r,l 

-iq,{lq,-k,)^fi^, (C.148) 

^S^x = ^Sxx = -8ii^30 - 4i(5^. - 2k,)7io - 2i{2q, - k,){4q, - k,)f,l 

-i^,(2^,-^,)Voo, (C.149) 

and the four independent elements 

^Sxz = -8i^30 - 4i(4^, - 3k,):Fi, - 2i{5ql + 2kl - %q,k,)f^^ 

-iq,{lql + 2kl-5q,k,)fiQ, (C.150) 

^S^zx = -8ii^30 - 4i(2^, - ^k,)fl - 2i{ql + 2kl - Aq.k,)^^^ 

+iqM^x-2k,)!rii, (C.151) 

^x?^x = -8ii^30 - 4i(3^x - 2k,):Fi, - 2i{2ql + kj - 4q,k,)^,l 

+\q,k,{2qx-kx)9QQ, (C.152) 

J^l = -SiJa^o - 4i(3^x - ^k,)f^^ - 2i{2ql + 5kl - Sq,k,):F,l 

+-M2ql + 2kl - 5q,k,)!Ff^. (C.153) 

The most complex solution group of Cartesian indices gives the five independent func- 
tions 

!r^^^ = 16iF/o + Mqx - k,)9^io + 4(^^ +kl- 4q,k,)!ri + 4qMl^x - qx)lm 

+Mx)Voo, (C.154) 

^«« = 16iFi + 16(^x - k^)fl + A{ql + kl- 4q,k,)!Fii + 4qMkx - qx)J'm 

+Mx)Voo, (C.155) 

^^xx = 16iF4?) + 32(^, - k,)fl + A{5ql + 5kl - \2q,k,)fl 

+2{q, - k,) {2ql + 2kl - %q^k^)f^Q - qM2ql + 2kj - 5q^k^)f^, (C. 156) 

:^«« = 16iF4?, + 16(3^, - k,)jl + A{{2q, - k,)^ + q,{9q, - Ak,))f^Q 

+4q,{2q, - k,)i3q, - k^) f ^q + ql{2q^ - /:x)Voo, (C.157) 

^«« = 16ir4?, + 16(3^, - k,)7l + ^{{2qx - k,)^ + q,{9q, - Ak,))^^, 

+4q,{2q, - k,)i3q, - k^)f^^^ + ql{2q^ - ^x)Voo- (C.158) 

The immediate conclusion of these observations is that only 65 of the original 246 pos- 
sible functions are independent. 
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C.8 The Z coefficients with uniform pump field ampUtudes 

If the pump fields have uniform amplitudes along the z-axis, we take the local limit in 
the two coordinates z'" and z" in the Z coefficients, such that in general we may write, 



z{7.,^) = jj z{z,z,z",z")dz"'dz", (C.159) 

and thus 

S(z,z';^l|,^ll) = 'E{z,z,z",z"';q\\,^)dz"dz". (C.160) 

Using an orthogonal set of wave functions, parity teaches that the integrals over x- and 
j-components gives 

J zl^{z)dz = J zyjz)dz = 6„,„, (C.161) 

where 8„m is the Kronecker delta. The only question left is the z-components, which may 
be determined as soon as the wave functions for the system is known. Then part A of 
the nonlinear conductivity tensor does not contribute to the phase conjugated response 
because of the result of integration over z". For the same reason, part E vanish, since 
the pure interband terms vanish by themselves, and the rest of part Ea becomes equal 
in magnitude to the rest of part Eb, but with the opposite sign. All other terms still 
contribute to the response. 



C.8.1 Infinite barrier quantum well 

If we choose a quantum well within the infinite barrier model with boundaries at and 
—d as the source, then we find 

Ziz,z')= r f\iz,z',z',z"')dz"'dz", (C.162) 

J-dJ-d 

and thus 

Z{z,z';q\\M)= / E(z,z',z",z"';^||,^||)<iz"'<iz", (C.163) 

J-dJ-d 

in general. Since the individual Znm^{z) are independent, the result is written as a prod- 
uct of these in the coordinates z, z', z", and z'"- Then the integrals over z-components 
gives 

%i.(,)*.l=!lzHp. ,c.l64, 

~d [n-^ — m^)d 
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C.8.2 Probe with a single wavevector 

If we take the probe field as E{z'\q\\ ) = Ee'i^"^ and tlius E*{z';q\\) = £*£>"'«^~', tlien we 
may further reduce the z-dependence, if we define 

3(z)= / Ziz,z')e-'''^''dz', (C.165) 

J-d 

where we have indicated the modification before integration of the z{z,z') quantity by 
shifting the symbol from calligraphic style to fraktur. Then, from the two integrals 





/ zUz)e^''^''dz= f zl„{z)e^^-^-dz 

J-d J-d 



^ [{iq±dy + 7l2 (« + m)2] [{iq^dy +n^n- m)2] ' ^ ' 

we may deduce the reduced quantities. 



C.8.3 Combining 3 with Q. 

If we combine the 3 -quantities with the two different exponentials appearing in the H- 
quantities, we get new quantities that are independent of z- Defining 

3^ = 1 ^iz^e^'^^'dz, (C.168) 

we may now deduce the z-independent quantities that will finally appear in the expres- 
sions for the ^-quantities. Even though we have modified the 3 coefficients again before 
integration, we keep the symbol, since the main purpose of selecting another symbol is 
to indicate that it is modified from the original Z quantities. 



C.9 The nonlinear conductivity tensor in the D. coefficients 

If we concatenate the definitions made in this compliment until now, we may define the 



new quantity to be considered in the D. coefficients [Eqs. ( 14.44 )-( 14.46)] 
X±(^,|,^ll)= / / / / S(z,z',z",z"';^||,^||K''^^V'^^WVz"^zVz. (C.169) 

J-d J-d J-d J-d 

As we did with the Z coefficients, the modification before integration have led us to 
define the new quantity in fraktur rather as S. 
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Then the nonlinear conductivity tensors combined with the z-dependent parts of the 
probe and the Q. coefficient can be written 

2 

^xxxx (^11 ; '^ll ) — /■ \3 2^ Jmn %nm i (C. 170) 

V^) nm 

^inAi) = 7T^l3^±^L(^ih^ii), (C.172) 

V^) nm 

(C.173) 

•^ijxxVlW^'^W) ~ I'l^-.xs I J j Z^ '\Jij.nmv^ij,nmv\^\\i'^\\) ~^ ■^ij,nmv^ij,nmv\^\\T'^\\) j i 

(C.174) 

2 f eh 



^ra/iW|l'^l|) ~ /j^NS \2mj ^{^'h,nmv^ihMmv{'ihh)+Jih,nmv^ih,nmv{'l\\^h)j' 



(C.175) 



^(i-tA '^^ll ' '^ll ) ~ 7^^ { ^ ) I- \^ijkh,nmvl^ijkh,nmvl (?|| ' ^|| ) 

'^Jijkh,nmvlr>ijkh,nmvl (^|| ) ^|| ) + Jijkh,nmvl^ijkh.nmvl (^|| ' '^H ) J > (C. 176) 

in terms of the 3 coefficients just calculated. 



C.IO The local limit in three coordinates 

In the local limit, the vector potentials (and electric fields) are independent of their z- 
coordinate, and thus the nonlinear conductivity tensor alone has to be integrated over the 

z'", z", and z' coordinates, viz. 

S(z;^||,^||) = E{z,z,z",z"';q\\,k\\)dz"dz"dz. (C.177) 



C.ll Analytical expressions for C, ©, and ^ 

In the quantity C{q\\ — ^||), given by Eq. ( 10.5[ ), P = 1 in Eq. (B.l) and p = 0, and in the 



quantity (D {q\\,kn) [Eq. (|10.6D], p = p = 2. In the quantity fA/; [Eq. (|10.13[)], p = ak = 



and bk= I, and it can be solved immediately, with the result 
4 /■« f^ a? 
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Using the analysis in Appendix ^ the quantities C{q\\ i^||) and ® (g||,^||) can be ex- 
pressed as 



C{q\\±k\\)=2[j^^{aubi,q\\±k\\)-J^^{aiM,^, 



and 



+!F2ia2,a4,b2,b4,k\\+q\\)- !F2ia2,a4,b2,b4,k\\) 
+!F2ia2,a4,b2,b5,0) - y'2i'^2,a4,b2,b5,q\\) 

+:F2ia2,a3,b2,be,ki\+qii)-:F^{a2,a3,b2,b6,qil)] , 



where 



■ '■ A, 



«i =^(^11 -k\\)/me, 

a2 = h{q\\ +k\\)/me, 

a^ = hkii/nte, 

(34 = hqu/rrie, 

by =h{q\\ -k\\f/{2me 

b2 = h{q\\ +k\\f/{2me)-i/x, 

bo, = hkj/{2me) - i/x - co, 

b4 = fiq\\{q\\ +2k\\)/{2me) — //x + CO, 

bs = hq»/{2me) — i/x + (0, 

b^ = fik\\{k\\ +2q\\)/{2me) —i/x — (a. 



(C.179) 



(C.180) 



(C.181) 
(C.182) 
(C.183) 
(C.184) 
(C.185) 
(C.186) 
(C.187) 
(C.188) 
(C.189) 
(C.190) 



C.12 Analytic expressions for the Cl quantities 



Let us finish this appendix by giving the solutions to Eqs. ( |14. 1 1| )-( |14. 14| ). They are 

^ ['^!^20,,My,<^2,b[jm,b2,nm,qx)+4qx!F^Q^„{ai,a2,bi^n,„,b2,nm,qx) 



+^x ^00,(1 (^1 ; ^2 ,bl^nm,b2,nm , qx) — '^^20,m (^1 ) ^^2 , ^l,nm , ^2,nm , 0) 
-4^A-^10,m(«'l'«2,^l,nm,^2,nm,0)-^^^00,m(«li«'2>^l,«m,^2,nm,0)] 



Q.nm(^|h» 



2ih ( eh 



(27l)2 \2me, 

['^^I0,n{'^i-:'^2,b]_^nm,b2,nm,qx) + ^.vi^OO,n(^l )^2,^l,f™,^2,nm,^A: 



(C.191) 
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-'2fvb,mi'^Ua2,bl,nm,b2,nm,0)-qx!F(^,„{ai,a2,bi^nm,b2,nm^^)] > (C.192) 



2ih f eh^ 



2 



X4 [:ro2,„(ai,fl'2,^l,,™,^2,nm,^A:) -:ro2,,„(fl'l,a2,^l,mn,^2,nm,0)] , (C.193) 

lih ( eh\ 

X [i?'00,n(«li«2,^l,«m,^2,,™,?.0 " :roo,„,(ai ,fl'2,^l,,™,^2,nm,0)] , (C.194) 

according to the treatment of these types of integrals given in Complement g|. Above we 
have used 

ai=a2 = —, (C.195) 

Me 

hql ih 

bl,„m = £n-£m + ^ , (C.196) 

b2,nm = e« -^m + -^-- to. (C. 197) 
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Fermi energy, quantum well thickness, and a{n) 

The number of electrons n{r) in a system where the spin energies are degenerate can be 
written 

«(r)=2£|»Pw(r)|V;v, (D.l) 

N 

where the number 2 represents the degeneracy of the spin energies, and the sum runs 
over all electron states in the system multiplied by the probability of finding an electron 
in that state. This probability is given as a Fermi-Dirac distribution 

•^^=l+exp((E;v-A')/fen)' ^°'^^ 

where "En is the energy of the electron in state A'^, /u is the chemical potential, kg is 
Boltzmann's constant and T is the absolute temperature. 

We will now look at the case where we have two-dimensional translational invariance 
along the x-y-p\a.ne. In this case the wave function gives plane-wave solutions in the 
direction of the plane, 

^w(^) = :^¥n(z)e'^"" (D.3) 

271 

and the corresponding energy is 

■EN = £n + ^, (D.4) 



where K|| = |K|| |. By insertion into Eq. ( p.l| ), it is converted into 



n(z)=2^|V„(z)|2 r (l+exp 



k^ 



-1 



(2^ 



(D.5) 



taking into account that the sum over the plane-wave expansion parallel to the surface can 
be converted into an integral, and the notation n{z) = nir) is introduced for consistency. 
Solving the integral, we get 

<Z) = ^Y.Gn\^n{z)\\ (D.6) 

"- n 
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with 



271 



1 +exp 



keT 



as the number of electrons in the quantum well for any temperature T . 



(D.7) 



D.l Fermi energy in the low temperature limit 

In the low temperature limit, the chemical potential obeys, 
lim 11 = 'Ep, 

where "Ep is the Fermi energy. Then 



G„ 







for£,j > Ep, 



(•EF-£„)/(27l)for£„<Ef, 

for r ^ 0, and thus 

«(z)|r^o = -T2Xl('EF-en)0('EF-e«)l¥n(z)P 



(D.8) 



(D.9) 



(D.IO) 



is the number of electrons (negative charges) in the system. 

Additionally, the global neutrality condition teaches that if the net electric charge 
should be zero, the number of positive charges should be equal to the number of negative 
charges, that is 



ZN+d = / n{z)dz 

= -^XllEf -e„)0(EF -e„) / \^n{z)?dz 



(D.ll) 



where N+ is the number of positive ions per unit volume and Z is the valence of each of 
these ions. 

Defining the quantity Np as the index of the highest occupied level, this may be rewrit- 
ten into 



m 



Nf 



n=\ 



from which the Fermi energy easily is extracted as 



Ep 



1 



ZN+d+Y,^n 



m, 



(D.12) 



(D.l 3) 
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D.2 Infinite barrier quantum well 

In the infinite barrier model for a quantum well extending from to —d in the z-direction 
and infinitely in the x-y-plane, we have 



E,i 



iMfd^ 



(D.14) 



which inserted into Eq. ( D.13 ) gives 



•Ef 



1 

_Kff_ 
Npnie 



-ZN+d + 



ZN+d + 



n=\ 

71 A^f(A^f + 1)(2A^f + 1) 
2^ 6 



(D.15) 



From this equation, the limits on the thickness of the quantum well can be determined 
if we know the number of bound states we want below the Fermi level, the minimal 
thickness for the quantum well to have n levels being determined from the simple relation 
"Ef = En, and thus the maximal thickness can be determined from Ep = £„+i, since it 
has the same limit value as the minimal thickness to obtain n + l bound states. Thus, for 
n bound states below the Fermi level, 



^^' \zN+d+'^ n(«+l)(2«+l) 



nnifl 



2J2 



Inipd^ ' 



(D.16) 



which gives the related minimal and maximal thicknesses to have these n bound states 

d"- -- 




d" 



For a quantum well with only a single bound state we thus get 



(D.17) 



''mm 

/I) 



^0, 

: V^37l/2ZA^_+ 



for two bound states 

4t = ^3V2ZA^+, 
d'il = i/39n/6ZN+, 



(D.18) 



(D.19) 



and so on. 

Since h?-kp = Im^'Ef, the radius of the two-dimensional Fermi circle for state n, a{n), 
used as integration boundary in Appendix ^can be found using Eq. (D.15). It is 



ain) 



I nZN+d 7i2 (A^f + 1 ) (INf + 1 ) 



Nf 



2d 



~d^' 



(D.20) 
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Solution to integrals over z in Chapter [T^ 



In this appendix we give some intermediate steps of the solution to integrals in the quan- 



tity K{q\\ , co) appering in the description of the multilevel quantum well in Chapter 14. 
Inserting the expressions for the different F quantities [Eqs. ( 14. 18| )-( 14.22 )] into 



(E.l) 



Eqs. ( |14.26D -( |14.30D , we get 

Ki^nnin ' ®) = -W)« I dWw , «) // Z'mn{z)G,,{z,z";qil , 0))zl{z")dz"dz 

-i(l];{q\\ , (o) II zl,{z)G,,{z,z";q\\ , (i))zl{z")dz"dz\ , 
Klmnin > ») = iA'oCO I id'iliqw , (o) 11 z^^„{z)G„{z,z";q\\ , (i>)zl{z")dz"dz 
+(lf^%\M II zLiz)G„iz,z''-,qiiMzfMVz''dzY 

K,mn in > «) = -mOi(lfv im ' «) // ^mn iz)Gyy (z, Z \q\\M Z'l iz")dz"dz, 

K^Jc,mn{n , «) = -i^co 1 0.1^(^11 M^jj zLiz)G^{z,z";qii , (i))zUz")dz"dz 
-/(ij;(?l|,co)^//2L(z)G.,(z,z";^l|,(o)2f,(z")^z"^z}, (E.4) 

Kmn in > to) = i/ioCO | /Q, j^ {q\\ , ») ^ // ^L (z)Gxv (z, z" ; ^|| , «) ^f, (z")^z"^Z 

+Q,^J(^II , co)^ II zUz)G,,iz,z";qii , (o)zliz")dz"dz~^ . (E.5) 

Using an infinite barrier potential along the z-direction of the quantum well, the Z (z) 



(E.2) 
(E.3) 



quantities are described in Eqs. (|14.34|) and (|14.35[). Then by use of Gradshteyn and 



Ryzhik (1994), Eqs. 2.663.1 and 2.663.3, 

e"'''[asm{bx) — bcos{bx)] 



e"^ sin{bx)dx - 
e"'^ cos{bx)dx - 



a^ + b^ 
e''^[acos{bx) +bsm{bx)] 



a^ + b^ 



(E.6) 

(E.7) 
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we find tliat integrals over tlie source region takes the form 

e^sin [—-\dx = \ ,.^ '. -, (E.8) 



d \ d J a^d'^ + ifP 

bnx\ ad^[\-e-"''{-\f] 

-d V ^ ; a^d^+it^b^ ' ^ -^^ 

in whicli b is an integer. This result leads to 

G^^{z,z;q\\,(ii)zl^{z)dz = 

e-"^^', (E.IO) 



In^nmclqld [l+rP- (g-'^^'^ + rPe''^^'^) (-!)«+'"] ^.^^^ 



e^'^-L^ (E.ll) 



(E.12) 



(E.13) 



I Gj,,{z,z;q\\,(i))z^,^{z')dz' = 

2-K^nmclq\\qx_d [l-rP- (e-''?^^ - r''e'«^^) (-!)"+'«] 

y Gj.j.(z,z';^||,(0)2^„,(z')^z' = 

iTl^nmd [1 - r*' - (e"''^^^ - rV''?^'^) (-!)"+'«] _.^^^ 

m^d[{iq±dY + 7I^(« - m)2] [(/^j_<i)2 + ji;2(„ _|_ ^)2] 

and 

f ^. (,v-,-...^, = 4kW,^^[.--^^-^(-1)"+'"-1] 

J ^mn{Z)e az ^^iq^dY^T(i^n-mY][{iq^dY + %\n + mYy ^ ^ 

[ ^. .,v-.-...^, = 4^nm{n--m-)[e'^^^{-ir--l] 

since (— l)"^™ = (_ !)«+'« for n and m integers. Then 

(E.16) 



SqCO a 

1 _|_ ^P _ (g-iq±d _|_ j.Pgiq^d\ (^_l\n+m 



[{iq±dY + n^{n- mY] [{iq^dY + 71^ (« + m)2] 



Pnm{z;q\\,^) = ^ ^,^ g "^^' <( /(l^^,(^||,(0)^iJ- (1^^^(^||,(0) 

(E.17) 



£(,(0 y^n,nK^\v->^l-- ^nmK^\v-J ^^ 

J _|_ j.p _ /g-iq±d _|_ j.p^iq^d\ ^_i\n+m 



[{iq±dY + n^{n- mY] [{iqi_dY + 71^ (« + m)2] ' 
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^nm(z;^th») = -2%Hfio(Onmde ''^^'(iyy„{q\\,0)) 



y — iq^d 



_ ^s^iq^d 



)(-!) 



n+m 



(E.18) 



[{iqi_dY +%^{n- m)2] [{iqx_dY +%^{n + m)2] ' 
If we now insert Eqs. (|[T|)-(|1|), ( |14.21[ ) and ( |14.22D into Eqs. (|0|)-(^ and per- 



form the remaining integration, we get Eqs. ( 14.26D -( 14.30). 
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Dansk resume 

For at studere den mulige fasekonjugation af optiske nserfelter er det n0dvendigt at 
ga ud over den langsomtvarierende indhyldningskurve approksimation samt den elek- 
triske dipoltilnsermelse, der normalt anvendes i fasekonjugationsstudier hvor rumligt 
udsempede (eller i det mindste svagt dsempede) svingninger blandes. I den foreliggende 
afhandling prsesenteres en vilkarlig-fase tilnsermet beregning af den ulinesere og ikke- 
lokale optiske responstensor der beskriver den ulinersere str0mt£ethed af tredie orden, 
som genereres af fireb0lgeblanding i en uensartet elektrongas. Beskrivelsen er baseret 
pa en halvklassisk model, hvori det elektromagnetiske felt antages at vsere en klassisk 
st0rrelse og udgangspunktet er bevsegelsesligningen for tsethedsmatrix-operatoren. Vek- 
selvirknings Hamilton-operatoren anvendes i dens minimale koblingsform, og den inde- 
holder det led i str0mt£ethedsoperatoren, der er proportionalt med det patrykte vektor- 
potential. Ved brug af denne formalisme er den rumlige struktur af systemets optiske 
respons beskrevet ved hjselp af mikroskopiske overgangsstr0mt£etheder. Beregningen 
inkluderer derfor bade bidrag fra ^ • A og A • A leddene i vekselvirknings-Hamilton- 
operatoren. Det er vist at der introduceres nogle vigtige fsenomener, som er begrebs- 
msessigt forskellige fra de der bar deres oprindelse i p ■ A-leddet, ved at inkludere A • A 
leddet i vekselvirknings Hamilton-operatoren. For at fremhseve den fysiske mening af de 
forskellige processer er koblingerne mellem observationspunkter for feltet og str0mt£et- 
heden prsesenteret i form af diagrammed Resultatet af en analyse af tensorsymmetrierne, 
der er tilknyttet p -A og A • A vekselvirkningerne er summeret i form af symmetriske- 
maer for fasekonjugationsprocessen. Den teoretiske model efterf0lges af en beregning 
af det fasekonjugerede respons fra en et-niveau metallisk kvantebr0nd. Et-niveau kvan- 
tebr0nden reprsesenterer den simplest mulige konfiguration en kvantebr0nds-fasekonju- 
gator kan have. Ydermere er den et interessant objekt, idet dens optiske respons ikke 
indeholder noget dipol-led. Diskussionen af responset er baseret pa stimulering af pro- 
cessen ved brug af lys, der er polariseret enten i spredningsplanet eller vinkelret pa spred- 
ningsplanet. Det vises, at fasekonjugationsprocessen er ekstremt effektiv i det dsem- 
pede omrade af b0lgevektor-spektret. Dernsest anskues problemet med at generere plane 
b0lger til excitation i den h0je ende af det dsempede spektrum, og vi diskuterer brugen af 
en bredbandskilde (i vinkelspektret) til at stimulere processen. En sadan bredbandskilde 
kan vsere en kvantetrad, og det fasekonjugerede vinkelspektrum fra en kvantetrad prse- 
senteres og diskuteres. Kvantetradens subb0lgelsengde st0rrelse g0r den en mulig kandi- 
dat til en diskussion af den mulige rumlige komprimering af lys, og rumlig begrsensning 
af lys foran en et-niveau metallisk kvantebr0ndsfasekonjugator er diskuteret i to dimen- 
sioned Det retfserdigg0res at man ved et passende valg af str0mtsethedens orientering 
i kvantetraden kan opna en feltkomprimering, der er vsesentligt pa den anden side af 
Rayleighs grsensevserdi. Afhandlingen afsluttes med en kort beskrivelse af det mere 
generelle tilfselde, hvor kvantebr0nden tillades at have mere end en energi-egentilstand. 
Numeriske resultater, der viser responset hvis en to-niveau kvantebr0nd anvendes som 
fasekonjugerende medium, er prsesenteret og diskuteret. 
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In order to study the possible phase conjugation of optical near-fields, it is necessary to go 
beyond the slowly varying envelope- and electric dipole approximations that are normally 
applied in phase conjugation studies where spatially non-decaying (or at least slowly decay- 
ing) modes are mixed. In the present dissertation a random-phase-approximation calculation 
of the nonlocal nonlinear optical response tensor describing the third order nonlinear cur- 
rent density generated by degenerate four-wave mixing in an inhomogeneous electron gas 
is established. The description is based on a semi-classical approach, in which the electro- 
magnetic field is considered as a classical quantity, and the starting point is the equation of 
motion for the density matrix operator. The interaction Hamiltonian is taken in its minimal 
coupling form, and it includes the term in the current density operator which is proportional 
to the prevailing vector potential. Using this formalism the spatial structure of the optical 
response of the system is described in terms of the microscopic transition current densities. 
The calculation thus includes contributions originating from both the p ■ A and A • A terms 
in the interaction Hamiltonian. It is demonstrated that inclusion of the A ■ A term in the in- 
teraction Hamiltonian introduces some important phenomena that are conceptually different 
from those originating in the p ■ A part. To emphasize the physical meaning of the various 
processes, the couplings between observation points for the field and the current density is 
presented in a diagrammatic form. The result of an analysis of the tensor symmetries asso- 
ciated with the p ■ A and A ■ A interactions are summarized in terms of symmetry schemes 
for the phase conjugation process. The theoretical model is followed by a calculation of 
the phase conjugated response from a single-level metallic quantum well. The single-level 
quantum well represents the simplest possible configuration of a quantum-well phase con- 
jugator. Furthermore, it is an interesting object, since its optical response contains no dipole 
terms. The discussion of the response is based on the use of light that is polarized either 
in the scattering plane or perpendicular to the scattering plane to excite the process. It is 
demonstrated that the phase conjugation process is extremely efficient in the evanescent 
regime of the wavevector spectrum. We address the problem of plane-wave excitation in the 
high wavenumber end of the evanescent regime and discuss the use of a broadband source 
to excite the process. One possible broad angular band source is a quantum wire, and the 
phase conjugated angular spectrum from a quantum wire is presented and discussed. The 
subwavelength size of the quantum wire makes it a possible candidate for discussion of con- 
finement of light, and the confinement of light in two dimensions in front of a single-level 
metallic quantum- well phase conjugator is discussed. It is justified that by a proper choice 
of orientation of the current in the quantum wire a field compression substantially beyond 
the Rayleigh limit is obtained. The thesis is concluded with a short description of the more 
general case where the quantum well is allowed to have more than one energy eigenstate, 
and numerical results showing the response from a two-level quantum well as the phase 
conjugating medium are presented and discussed. 
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